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ABSTRACT

High-dimensional data such as hyperspectral imagery is tradition-
ally acquired in full dimensionality before being reduced in dimen-
sion prior to processing. Conventional dimensionality reduction
on-board remote devices is often prohibitive due to limited com-
putational resources; on the other hand, integrating random pro-
jections directly into signal acquisition offers alternative dimen-
sionality reduction without sender-side computational cost. Effec-
tive receiver-side reconstruction from such random projections has
been demonstrated previously using compressive-projection prin-
cipal component analysis (CPPCA). While this prior work has
focused on squared-error quality measures, the present work re-
ports experimental results illustrating preservation of statistical
class separation and anomaly-detection performance for CPPCA
reconstruction following random-projection-based dimensionality
reduction.

Index Terms— random projection, dimensionality reduction,
hyperspectral imagery

1. INTRODUCTION

In the traditional data pipeline used with high-dimensional data
such as hyperspectral imagery, data is acquired in its full dimen-
sionality within some typically remote signal-acquisition platform
(e.g., a satellite) only to be often subsequently reduced in dimen-
sion prior to application-specific processing such as classification.
However, it would be greatly beneficial if dimensionality reduction
could occur before data downlink, since many signal-acquisition
platforms are severely resource-constrained such that on-board di-
mensionality reduction could dramatically cut storage and commu-
nication burdens faced by such remote sensors. However, many
approaches to dimensionality reduction are not only data depen-
dent but also exceedingly computationally expensive so as to pre-
clude on-board implementation. In this work, we investigate a sig-
nificant departure from the traditional data flow that integrates di-
mensionality reduction directly into the signal-acquisition process
in order to avoid not only the computational burden of explicit di-
mensionality reduction, but also the production of onerous quan-
tities of data in the first place. We employ the emerging mathe-
matical theory of random projections to this end, effectively shift-
ing the computational burden of dimensionality reduction from the
resource-constrained acquisition device to a more powerful base-
station system which is presumably an earth-based central site.

Recent work in the applied-mathematics and signal-processing
communities has demonstrated that projections onto randomly cho-
sen subspaces can be a particularly powerful form of dimension-
ality reduction. Namely, the mathematical theory of compressed
sensing (CS) (e.g., [1]) establishes that sparsely representable sig-

nals can be recovered exactly from data-independent random pro-
jections. Furthermore, we have recently developed compressive-
projection principal component analysis (CPPCA) [2–4], which
recovers an approximate PCA representation of the original sig-
nal from random projections. Both CS and CPPCA permit sensing
platforms to enjoy the benefits of dimensionality reduction (less
burdensome storage and communication requirements) without the
expense of computation associated with explicit dimensionality re-
duction since the random projections can be accomplished simul-
taneously with the sensing and signal-acquisition process, while
the more expensive reconstruction from the projections takes place
at the receiver-side base station.

The merits of random projection plus CS or CPPCA recon-
struction have previously been established mathematically with a
focus on squared-error-based signal-quality measures. On the con-
trary, the main objective of the present work focuses on perfor-
mance at classification and the corresponding issue of preserva-
tion of statistical class separability for random-projection-based
dimensionality reduction, since such application-specific classi-
fication performance is typically of primary importance in many
geospatial applications.

Also of interest is the detection of anomalous data points, in-
frequent occurrences that differ significantly from the majority of
the dataset. In hyperspectral image analysis, anomalies are im-
portant pixels since they often represent man-made targets of criti-
cal application interest. During any dimensionality-reduction pro-
cess, it is therefore essential to preserve these pixels in order to
enable target detection and discrimination in an unsupervised set-
ting. However, anomalous pixels are difficult to preserve well due
to the fact that their spectral features are typically quite different
from their surroundings. For example, anomalous pixels are of-
ten among those that experience the largest distortion after lossy
compression [5].

Previous results in [2–4] indicate that CPPCA outperforms CS
for a variety of bases when reconstruction quality is measured in
terms of a traditional squared-error-based measure. We anticipate
that this is due in no small part to the fact that CPPCA recovers
an approximate PCA basis for the dataset in question, and PCA
is known to be the optimal basis in several mathematical respects
in terms of reduction of squared error per percentage of coeffi-
cients retained. It is known, however, that PCA is not necessar-
ily the optimal basis for maintaining class separability [6]. Con-
sequently, in the experimental results that follow, we empirically
evaluate the performance of random-projection-based dimension-
ality reduction followed by CPPCA-based reconstruction at both
classification and anomaly-detection tasks. In both instances, we
find that performance on CPPCA-reconstructed datasets is very
similar to that on the original datasets, indicating that random pro-
jections are a promising new avenue to achieve low-complexity
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remote-platform dimensionality reduction.

2. AN OVERVIEW OF CPPCA

At the core of the CPPCA technique is a receiver-side process that
produces an approximation to the PCA transform basis. Consider
a dataset of M zero-mean vectors X =

ˆ
x1 · · · xM

˜
, where

each xm ∈ R
N . The covariance matrix of X is Σ = XXT /M ,

and the PCA transform matrix is the N × N matrix W of eigen-
vectors that emanates from the eigendecomposition of Σ; i.e.,

Σ = WΛW
T , (1)

where W contains the N unit eigenvectors of Σ column-wise.
However, central to the CPPCA paradigm is that production of
the PCA transform matrix occurs at the receiver rather than at
the sender as in the traditional use of PCA; that is, the CPPCA
receiver cannot implement eigendecomposition (1) directly as it
does not know either X or Σ. Instead, the receiver knows only
K-dimensional projections of X. Specifically, suppose we have
K orthonormal vectors pk that form the basis of K-dimensional
subspace P such that P =

ˆ
p1 · · · pK

˜
provides an orthogo-

nal projection onto P . The CPPCA sender produces eY = PT X,
and it is from projections eY that the CPPCA receiver approximates
W. The projected vectors have covariance

eΣ = eY eYT /M = P
T
XX

T
P/M = P

T
ΣP, (2)

which the CPPCA receiver calculates having received eY from the
sender.

Rayleigh-Ritz theory [7] describes the relation between the
eigenvectors of Σ and those of eΣ as given by (2). Covariance
matrix Σ has spectrum λ

`
Σ
´

=
˘
λ1

`
Σ
´
, . . . , λN

`
Σ
´¯

, where
the eigenvalues satisfy λ1

`
Σ
´
≥ · · · ≥ λN

`
Σ
´
, and the corre-

sponding unit eigenvectors are wn. The eigendecomposition of
eΣ = PT ΣP is eΣ = eUeΛeUT , where eU =

ˆeu1 · · · euK

˜
,

eΛ = diag
`
λ1

`eΣ´
, . . . , λK

`eΣ´´
, ‖euk‖2

= 1, and λ1

`eΣ´
≥

· · · ≥ λK

`eΣ´
. The K eigenvalues λk

`eΣ´
are called Ritz values;

additionally, there are K vectors, known as Ritz vectors, defined
as

uk = Peuk, 1 ≤ k ≤ K, (3)

where euk are the eigenvectors of eΣ. Finally, we define normalized
projection vn as the orthogonal projection of wn onto P , normal-
ized to unit length; i.e.,

vn =
PPT wn

‖PPT wn‖2

. (4)

These vectors are illustrated for an example distribution in the sim-
ple case of N = 3 and K = 2 in Fig. 1.

Existing Rayleigh-Ritz theory is rather limited in that it tells
us very little about the Ritz vectors for K < N . We know only
that the Ritz vectors do not typically align with the orthogonal pro-
jections of any of the eigenvectors [7]; i.e., uk �= vn in general.
However, CPPCA is built on the central idea that, if subspace P
is chosen randomly, and the distribution of the vectors in X is
highly eccentric in that eigenvalue λk

`
Σ
´
is sufficiently separated

in value with respect to the other eigenvalues, then it is likely that
its corresponding normalized projection, vk, will be quite close to
the Ritz vector, uk, corresponding to the Ritz value λk

`eΣ´
. Un-

der the assumption that uk ≈ vk, a algorithm based on projections

onto convex sets (POCS) [8] was devised in [2, 4] to approximate
the first L eigenvectors wn from eY; the reader is referred to [2, 4]
for the specific details of this process. Suffice it to say, however,
that the entire feasibility of the CPPCA technique rests on the ap-
proximation uk ≈ vk. An analysis was presented in [3, 4] that
established the validity of this approximation.

3. EXPERIMENTAL RESULTS

Fig. 4 presents experimental results regarding the classification
performance resulting from CPPCA reconstruction for a 100×100

spatial region of the “Moffett” hyperspectral image, an AVIRIS
image with 224 spectral bands. The second row of images in Fig. 4
depicts the five independent components determined from the orig-
inal image (shown on the first row of Fig. 4); these component im-
ages are produced using the Joint Approximate Diagonalization of
Eigenmatrices (JADE) algorithm for independent compenent anal-
ysis (ICA). The third row of images in Fig. 4 depicts the same
independent component images determined from a CPPCA recon-
struction after the original image was reduced in spectral dimen-
sion by random projection onto 90-dimensional random subspaces
(i.e., a 40% reduction in data size). Also included is an objective
measure of similarity, the spatial correlation coefficient as denoted
by ρ. Since, for each of the endmember classes, ρ is quite close
to 1.0, we conclude that the random projections are successful in
preserving essentially all of the class separability in this example.

To examine the feasibility of anomaly detection within ran-
dom projection subspaces, we deploy the well-known RX algo-
rithm [9] for anomaly detection on an original AVIRIS dataset (a
100 × 100 spatial region from the 224-band Moffett scene). We
then create a random projection matrix that projects each N -band
hyperspectral vector into a K-dimensional subspace. We deploy
the RX algorithm within this subspace and compare the resulting
anomaly-detection map to the corresponding map produced from
the original N -band dataset (here, N = 224). The results are sum-
marized in Fig. 2. In Fig. 2, we see that the correlation coefficient
between the two anomaly-detection maps varies from about 0.6 to
0.9 as the dimensionality of the subspace increases (here, “reduc-
tion factor” refers to the ratio K/N ). Thus, the maps are quite
similar, particularly for K/N above 0.3. Figs. 3(a) and (b) present
the original-data map and the projected map for K/N = 0.4, indi-
cating that, at least subjectively, locations of anomalies appear to
be well-detected within the projected subspace.

4. CONCLUSIONS

The results presented here suggest that, empirically, both classi-
fication as well as anomaly detection can indeed be carried out
within randomly chosen projection subspaces when CPPCA is used
to reconstruct from the projections. The component images result-
ing from ICA classification applied to the CPPCA-reconstructed
dataset closely resemble those from ICA of the original AVIRIS
dataset, with a correlation coefficient well above 0.9 for each com-
ponent. Anomaly detection using the RX algorithm on the CP-
PCA reconstruction also produces similar results as compared to
anomalies identified in the original dataset. Thus, we conclude
that random projection at the remote sender constitutes a promis-
ing avenue for low-cost dimensionality reduction, with the brunt
of the computational cost incurred at the receiver side in the form
of CPPCA reconstruction.
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Figure 1: Data distribution of x in R
3 is projected onto 2D sub-

space P as y; the first Ritz vector, u1, lies close to the normalized
projection, v1, onto P of the first eigenvector, w1, of x (from [2]).
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Figure 2: Correlation coefficient between anomaly-detection maps
as K/N varies.

(a)

(b)

Figure 3: (a) Anomaly-detection map using the original N -band
data (N = 224). (b) Anomaly-detection map using the data
after random projection into a K-dimensional random subspace
(K/N = 0.4); correlation coefficient ρ = 0.8576.
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CIR color composite of original 100 × 100 Moffett Image

ICA classification directly from the original image
Soil Water 1 Vegetation 1 Vegetation 2 Water 2

ICA classification from CPPCA reconstruction after random projection
Soil Water 1 Vegetation 1 Vegetation 2 Water 2

ρ = 0.9771 ρ = 0.9137 ρ = 0.9360 ρ = 0.9528 ρ = 0.9867

Figure 4: Classification performance for CPPCA as compared to that on the original image
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