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Abstract—Due to the integration of volatile renewable energy and
random energy consumption in the building grid, uncertainties have
become a big concern for the operation of energy-efficient build-
ings. To minimize energy usage expenses under uncertainty, it is
necessary to determine the optimal power production for a building
from various energy sources, including the electric grid, battery, and
combined heat and power with a boiler unit. This article presents a
multi-stage mixed-integer stochastic programming model for optimal
operation of energy-efficient building systems considering control-
lable electric and thermal loads. Taking into account the randomness
of non-controllable electric and thermal loads, as well as solar power
generations through the multi-stage scenario tree, the operation of
energy-efficient buildings will be more robust against changes in un-
certain variables. With information of uncertainties updated hourly,
the rolling scheduling method is introduced to determine an adaptive
power output of electric grid, charging/discharging status of the bat-
tery, and operation of combined heat and power with a boiler unit. The
simulation results offer a set of adaptive decision solutions within the
scheduling horizon.

1. INTRODUCTION

Buildings have a profound influence on the natural environ-
ment, health, economy, and productivity [1]. In Europe, build-
ings are responsible for two-fifths of energy consumption and
36% of the European Union’s CO2 emission [2]. As reported by
the U.S. Department of Energy (DOE), buildings consumed up
to 40.7% of the nation’s primary energy in 2013; residential
buildings use around 22% and commercial buildings 18.7%
[3]. Buildings in Hong Kong contribute about 40% toward the
total energy consumption [4]. In Sweden, the building sector
alone accounts for almost 40% of the total energy demand, and
people spend over 80% of their time indoors [5]. Hence, en-
ergy efficiency in buildings is essential to reduce global energy
usage and improve the local environmental sustainability.

Energy-efficient technologies have been promising for im-
proving the energy consumption performance of buildings
[6, 7]. Among these technologies, combined heat and power
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NOMENCLATURE

Parameters
a = marginal fuel consumption for electricity produc-

tion
b = fuel consumption at minimum output
Cbat = capacity limits of battery
Cgas = natural gas price
Cg f = electric energy supply price of electric grid
Cgt = electric energy sale price of electric grid
Ecntr = controllable electric and thermal energy
Hcntr = controllable thermal loads
Hnc = non-controllable thermal loads
j = index of scenarios
J = number of scenarios
Mg f = upper limits for electric power exchanged from

grid to building
Mgt = upper limits for electric power exchanged from

building to grid
Pcntr = controllable electric loads
Peh cntr = controllable household loads
Pnc = non-controllable electric loads

Psol = solar power generation
Ŝbat = predefined value for the initial and final state of

charge
t = index of hours
T = total time period
TON = minimum continuous operating period for

controllable household loads
z = normal white noise process
α = auto-regressive parameter
β = moving average parameter
ρ = scenario probability
σz = standard deviation of the noise process
ηhre = thermal recovery efficiency of combined heat and

power
ηhc = thermal coil efficiency
ηboi = efficiency of boiler
ηbc = charging efficiency of battery
ηbd = discharging efficiency of battery

Variables
Fboi = fuel power consumed by boiler
Fchp = fuel power consumed by combined heat and power
Hboi = thermal power supplied by boiler
Hchp = thermal power production by combined heat and

power
Hexh = exhausted heat from combined heat and power
Pbc = charging power of battery
Pbd = discharging power of battery
Pchp = electrical power production by combined heat and

power
Pg f = power supplied from electric grid

Pgt = power supplied to electric grid
Sbat = state of charge of battery
v = forecast error in any forecast hour
xbc = charging status of battery
xbd = discharging status of battery
xboi = binary variable of boiler
xchp = binary variable of combined heat and power
xcntr = binary variable of controllable load
xg f = energy supply status of electric grid
xgt = energy sale status of electric grid

(CHP) systems have proven to be beneficial through increas-
ing the total thermal efficiency, reducing the overall power
demand, and providing higher quality as well as more reliable
power [8, 9]. In recent years, CHP has been widely devel-
oped around the world [10]. In the United States, substantial
headway has been made toward a target of 20% of generat-
ing capacity from CHP by 2030 [11]. Energy performance
of buildings is also crucial to achieve the E.U.’s climate and
energy objectives, namely the reduction of 20% of the green-
house gas (GHG) emissions by 2020 and a 20% energy savings
by 2020. Being the second-largest GHG emitter in the world,
China began to use CHP as a thermal source in urban commer-

cial buildings in Beijing and Shanghai, and Japan has applied
CHP in buildings over 1000 times [12]. As a result, CHP is
essential to efficiently reduce the global energy usage in the
buildings and to improve the local environmental sustainability
[13].

Many uncontrollable factors have significant influences on
the operation of building systems, including weather, natu-
ral gas prices, energy demand growth, etc. Distributed gen-
eration (DG) usage is one of the goals for smart grid de-
velopment, which encourages the application of small wind
turbines and solar panels [14]. Those small distributed gener-
ators with relatively low power production are widely being
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applied to buildings, and it influences the operation of smart
grid. One important thing is that the integration of renewable
solar energy into buildings introduces big challenges due to the
unpredictable characteristic of power sources from solar pan-
els. Meanwhile, to achieve efficient load management, load
forecasting is an important issue. Unfortunately, forecasting
techniques that have been studied for decades are still a big
concern for building operation because of the inaccurate pre-
diction of non-controllable electric and thermal loads. In sum,
those uncertain factors from the integration of renewable en-
ergy and random energy consumption are the major source of
disturbances for the optimal operation of buildings.

Previous research on optimal operation of energy-efficient
buildings can be classified into three categories. The deter-
ministic method [15], which considers the expected values of
such uncertainties, assumes that the input data is well known.
This method usually leads to infeasible or non-optimal solu-
tions, even under little deviation from the nominal value of
uncertainties. The improvement in dealing with these uncer-
tainties for building operation is to use scenario analysis [16]
and stochastic programming [17, 19] to find a robust solution
that is immune to data uncertainty. In [16], the overall energy
cost was minimized through integrated scheduling and control
of various building energy supply sources. This method used
the average performance in over 100 scenarios for solar power
generation, electrical, and cooling demands. Implementing the
goal attainment method with fuzzy logic and a genetic algo-
rithm, the authors in [17] solved the stochastic multi-objective
optimization problem for CHP dispatch in which both electric
power and thermal demands were considered to be random. In
[18], a methodology was developed combining Lagrangian re-
laxation and stochastic dynamic programming to improve the
integrated control of shading blinds, natural ventilation, and
heating, ventilation, and air conditioning (HVAC) systems for
energy saving and human comfort.

The number of possible data realizations of event param-
eters is usually very large. Considering many scenarios in-
creases the size of the problem and computation cost. From
the computational point of view, it is more effective to assume
a limited amount of data through multi-stage scenario tree gen-
eration [20]. Therefore, multi-stage stochastic programming is
a promising approach to deal with the uncertainties in the load
of energy-efficient buildings.

In this article, a hybrid approach combining a multi-stage
stochastic programming and rolling scheduling method is pro-
posed. The proposed method is applied to find the optimal
operation of energy-efficient building with a CHP system. To
minimize the cost of electricity and natural gas for generating
energy, and to supply electric and thermal loads in buildings,
a multi-stage mixed-integer stochastic programming model

is presented. The practical decision problem for optimal op-
eration of energy building systems involves a sequence of
decisions that react to outcomes that evolve over time [21].
Therefore, to decide the operation status and power output of
the electric grid, battery, and CHP with a boiler, the optimal
operation problem of energy buildings is solved in a rolling
way considering the updated uncertainty forecasting. The main
contributions are summarized as follows.

1. A multi-stage mixed-integer stochastic programming
model is built for the optimal operation of energy-
efficient building systems taking into account the ran-
dom characteristics of non-controllable electric and ther-
mal loads and solar power generations.

2. A mixed power supply system, including grid power,
solar power, CHP with a boiler, and battery storage, is
applied to cooperatively supply both electric and thermal
loads to reduce the operating cost of energy-efficient
buildings.

3. A rolling scheduling method is introduced in this article
to utilize the hourly updated information of uncertainties
so that the real-time adaptive scheduling decisions are
provided.

This article is organized as follows. Section 2 provides
the multi-stage stochastic model for the optimal operation of
energy-efficient buildings. Section 3 presents the algorithm
for multivariate scenario tree generation. Section 4 delineates
the rolling scheduling model for scheduling purposes. Numer-
ical testing results are presented in Section 5, and concluding
remarks are provided in Section 6.

2. STOCHASTIC MODEL FOR SMART BUILDING
MANAGEMENT

Figure 1 shows an energy-efficient building system integrated
with various power sources and household loads [22]. The
power sources include the electric grid, solar panel, battery,
and CHP with a boiler unit. The building loads are classified
into two main categories: non-controllable and controllable
electric and thermal loads. Due to the uncertainties of the
power consumed by household loads and power provided by
solar panels, the optimal energy management for buildings
within the time horizon of one day is a stochastic programming
problem. In the following subsections, a multi-stage stochastic
mixed-integer programming model is presented to minimize
the daily production cost of the building while satisfying its
various physical operation constraints.
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FIGURE 1. Building integrated with various power sources and household loads.

2.1. Objective Function

The objective function consists of the cost of energy purchased
from the electric grid and supplied by the CHP with a boiler
unit and the revenue obtained from selling energy to the elec-
tric grid over the time horizon. No costs are incurred by the
operation of solar panels and battery storage. Assume that
there are several scenarios to model the uncertain variables in
the problem and that the probability of each scenario is ρt j with∑Jt

j=1 ρt j = 1 for t = 2, . . . , T . Thus, the objective function
is as follows:

Min Cg f,1 · Pg f,1 − Cgt,1 · Pgt,1 + Cgas,1 · (Fchp,1 + Fboi,1)

+
T∑

t=2

Jt∑
j=1

ρ
j
t

[
Cg f,t · P j

g f,t − Cgt,t · P j
gt,t + Cgas,t

· (
F j

chp,t + F j
boi,t

)]
. (1)

In Eq. (1), the power demand and power generated by solar
panels are considered to be known at time period 1, and thus
they represent “here-and-now” decision variables. However,
for the subsequent decisions and time periods t ≥ 2, the value
of both loads and solar power output are unknown. Since the
operation status of the electric grid, battery, and CHP depends
on the household loads and solar power generation; they can
only be decided after uncovering the uncertainties. Therefore,
these parameters are “wait-and-see” decision variables. The
optimization constraints are presented in the following sub-
sections.

2.2. Constraints of the Electric Grid

The scheduling variables for the power grid in each time period
are the amount of electricity supplied to the building (Pg f )
from the grid, the energy injected back to the grid from the
building (Pgt ) in each period, and the corresponding status of
electricity flowing to the building (xg f ) and/or to the electric

grid (xgt ). In Eqs. (2) and (3), Mg f and Mgt are assumed to be
the upper limits for the electric power exchanged between the
building and the grid. The constraint in Eq. (4) determines the
energy flow direction of the electric grid:

0 ≤ P j
g f,t ≤ Mg f · x j

g f,t , (2)

0 ≤ P j
gt,t ≤ Mgt · x j

gt,t , (3)

x j
g f,t + x j

gt,t ≤ 1. (4)

2.3. Constraints of the Battery

With the battery storage device, it is more likely that household
demand is met in different time periods. The availability of
the battery depends on the amount of electricity charged and
discharged in the different time periods, and it is influenced by
the uncertain household demand and solar output. The decision
variables for the battery are the status of charge/discharge
(xbc, xbd ) and its charging/discharging rates (Pbc, Pbd ). The
dynamics of the charging level of the battery is modeled by
Eq. (5), which creates a link between the charging rate of the
battery in a given time period t and the successive state at
t + 1. Because of the energy loss in the storage device [23],
the energy efficiency of the battery is considered in the storage
transition constraint in Eq. (5). Meanwhile, the state of charge
(SOC) is bounded in Eq. (6). By defining this as a boundary
value problem [24], both the initial and the final SOC of the
battery are specified as the same predefined value in Eq. (7), so
that the battery can meet the requirement during the next day.
The upper and lower limits for the charging rate are imposed
by Eqs. (8) and (9). The energy flow direction of the battery is
defined by Eq. (10):

S j
bat,t+1 = S j

bat,t + (
ηbc · P j

bc,t+1 − P j
bd,t+1

/
ηbd

)
· Td

/
Cmax

bat , (5)

Smin
bat ≤ S j

bat,t ≤ Smax
bat , (6)
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S0
bat = ST

bat = Ŝbat , (7)

Pmin
bd · x j

bd,t ≤ P j
bd,t ≤ Pmax

bd · x j
bd,t , (8)

Pmin
bc · x j

bc,t ≤ P j
bc,t ≤ Pmax

bc · x j
bc,t , (9)

x j
bc,t + x j

bd,t ≤ 1. (10)

2.4. Constraints of CHP with Boiler Unit

CHP applications with different technologies were described
in [25] and modeled in [26]. For CHP with a boiler unit, the
control variables are the operation status (xchp) and power out-
put (Fchp, Pchp). In Eq. (11), when CHP is in operation, it
consumes the natural gas with the amount of at least b even
without any power generation; when CHP generates power
with natural gas, the additional operation cost will be propor-
tional to the power that it produces with coefficient a. Equa-
tion (12) represents the relationship between the thermal and
electric power output from CHP. Moreover, Eq. (13) limits its
electric power output. The boiler of the CHP unit can supply
the thermal loads of the building, as in Eq. (14). The thermal
supply from the boiler is bounded by the constraint in Eq. (15):

F j
chp,t = a · P j

chp,t + b · x j
chp,t , (11)

H j
chp,t = ηhre

(
F j

chp,t − p j
chp,t

)
, (12)

Pmin
chp · x j

chp,t ≤ P j
chp,t ≤ Pmax

chp · x j
chp,t , (13)

H j
boi,t = ηboi · F j

boi,t , (14)

H min
boi · x j

boi,t ≤ H j
boi,t ≤ H max

boi · x j
boi,t . (15)

2.5. Constraints of the Controllable Load

The controllable electric loads include the dishwasher, clothes
dryer, and washing machine; the electrical water heater is a
controllable thermal load [19]. The operating characteristics of
the controllable loads, including energy consumption pattern
and preferences, are regarded in the model. Equation (16)
guarantees that the household loads run for TO N hours for
each scenario during the whole time horizon. The total energy
consumption requirement is regarded by Eq. (17), and Eq. (18)
imposes the required ON/OFF state at specific time periods:

k+TO N −1∑
t=k

x j
cntr,t ≥ TO N · (

x j
cntr,k − x j

cntr,k−1

)
,

k = 1 : (T − TO N + 1), (16)

Emin
cntr,t ≤

T∑
t=1

P j
eh cntr,t · x j

cntr,t ≤ Emax
cntr,t , (17)

x j
cntr,t = x̂ j

cntr,t . (18)

2.6. Constraints of the Energy Balance

The required amount of energy should be provided for both
electric and thermal loads. The electric loads are fed by power
from the grid, battery, solar photovoltaics (PV), and CHP in
Eq. (19). CHP with a boiler unit should satisfy the demand of
controllable and non-controllable thermal loads, as in Eq. (20).
Due to the higher heat conversion efficiency of the boiler, it
is more economical to provide thermal power from the boiler
compared with providing power by CHP. Meanwhile, because
the natural gas price is usually cheaper than the price of the
electricity, the CHP tends to contribute into the electric power
supply:

P j
g f,t − P j

gt,t + P j
chp,t + P j

bd,t − P j
bc,t + P j

sol,t

= P j
nc,t + Pcntr,t · x j

ele,t , (19)

ηhc

(
H j

chp,t + H j
boi,t

) = H j
nc,t + Hcntr,t · x j

heat,t . (20)

3. MULTI-STAGE SCENARIO TREE GENERATION

3.1. Auto-regressive Moving Average (ARMA) Time
Series Model

The uncertainties in the household loads depend on several
factors, like the level of people’s activities in the building, en-
ergy savings, electricity price, and weather conditions. Also,
the power output of the solar panel is influenced by the radia-
tion of the sun and ambient weather [21, 27, 28]. The uncer-
tainties from the household loads and solar power generation
are somehow correlated with each other. For simplicity, they
are assumed to be independent in this article. The profiles for
these uncertainties can be obtained from the historical data.
The multivariate ARMA time series technique is applied to
model error of the household loads and solar power generation
forecasting [29, 30]. The ARMA (n, m) model is defined as
follows:

v
j
t = (

P j
sol,t , P j

nc,t , H j
nc,t

)T
, (21)

v
j
0 = 0, z j

0 = 0, (22)

v
j
t = α1v

j
t−1 + α2v

j
t−2 + . . . + αnv

j
t−n + z j

t + β1z j
t−1

+ β2z j
t−2 + . . . + βm z j

t−m . (23)

The assumed uncertainty for each hour can then be calcu-
lated as the sum of the measured time series from historic data
and the forecast error obtained from v

j
t .

3.2. Multi-stage Stochastic Scenario Tree Generation

The scheduling horizon of one day is discretized into multi-
ple stages. Accordingly, the stochastic data is approximated
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FIGURE 2. Multi-stage scenario tree with probability.

by a discrete-time stochastic process. A multi-stage scenario
tree is used to consider the uncertainties of the solar power
generation and non-controllable household loads in the opti-
mization model. Within a 24-hr time horizon, the scenarios are
represented by a number of outcomes with associated proba-
bilities [31]. The multiple input scenarios with a probability
tree are captured in Figure 2. Since the forecasted data are
reliable until hour 1, the process for the first stage is therefore
deterministic.

Scenario ξ
j

s is defined as a sequence of nodes η
j
t :

ξ j
s = (

η0, η
j
1, . . . , η

j
Ts

)
, j = 1, . . . , Js, (24)

where η0 is the root of all scenarios, s ∈ {1,2, . . . ,nT } shows
different stages, Js is the number of scenarios at stage s, and
Ts is the terminal time at stages. Therefore, each node η

j
t

has a vector parameter v
j
t = {P j

sol,t , P j
nc,t , H j

nc,t }, at different
stages. As in Figure 2, JS and TS are equal to 1 when s is 1;
JS is 3 and TS is 6 when s is 2; JS is 9 and TS is 24 when s
is 3. Each of these scenarios at stage s has a single ancestor
scenario in stage s – 1 and three descendant scenarios in stage
s + 1.

The multi-stage stochastic problem based on the scenario
tree is a large-scale mixed-integer linear programming prob-
lem. It becomes extremely large when the number of stages
increases, even though a relatively small number of nodes are
allowed in each stage. Therefore, it is necessary to reduce the
number of scenarios through a scenario-reduction technique.
The multi-stage scenario tree generation consists of two major
procedures. At first, during the process of one-stage scenario
tree generation, the pure number of scenarios is reduced; while
for multi-stage scenario tree generation, both inner nodes will
be deleted, and branching will be created within the scenario
tree. Steps for multi-stage scenario tree generation are de-
scribed in detail in [32, 33].

4. ROLLING SCHEDULING SCHEME

From the viewpoint of stochastic programming, policies
should be made when little information of uncertainties is

FIGURE 3. Diagram of rolling scheduling: (a) decision struc-
ture and (b) flowchart.

available under stochastic situations. However, basing the sce-
narios on forecasts of uncertainties will not give a consistent
valuation with the true value of those three uncertainties. Sce-
narios must be adjusted so that the values of derivatives calcu-
lated in the scenario tree are the same as what can be observed
in the reality for futures.

Therefore, it is more realistic to optimize the operation of
energy-efficient buildings in a rolling perspective. In general,
new information continuously arrives and provides updated in-
formation about solar power generation and non-controllable
electric and thermal loads. Thus, an hourly basis for updat-
ing information would be most adequate for the operation of
the electric grid, battery, and CHP with a boiler unit [29].
To update the information, the proposed model steps forward
in time using rolling scheduling with a one-hour step. For
each time step, the new forecasted data of solar power gen-
erations and non-controllable electric and thermal loads are
used. The decision structure illustrated in Figure 3(a) shows
the scenario tree for several scheduling periods. In this article,
a three-stage stochastic programming problem is solved for
each scheduling period. The first stage is a deterministic cov-
ering 1 hr; the second stage is a stochastic process with three
scenarios covering 5 hr and the third stage has nine scenarios
covering 18 hr. Figure 3(b) shows the flowchart for a rolling
scheduling solution in which multi-stage stochastic program-
ming is iteratively solved until the maximum rolling horizon is
reached.
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Mininum ON Power demand Energy demand Total operating
Controllable load Initial state hours per hour (kW) range (kWh) hours

Electric load OFF 3 29 [116, 116] 4
Thermal load OFF 4 22.5 [112.5, 112.5] 5

TABLE 1. Controllable load data

5. CASE STUDIES

In this section, the proposed algorithm is applied on an energy-
efficient building, and the results are discussed in detail. The
lower and upper bounds for the power supplied by CHP are 5
and 55 kW; the parameters a and b in Eq. (10) are set to be 2.67
and 17.4, respectively; thermal recovery efficiency of the CHP
unit is 0.72; the efficiency for both the heating coil and boiler is
0.9; the minimum and maximum capacity limits of the battery
are 5 and 50 kWh; limits of battery charging and discharging
power output are 8 and 15 kW; and the initial and final SOC
is 15%. Table 1 lists the controllable load data. The price of
purchasing energy from the grid at different hours is depicted
in Table 2. The price of selling energy to the grid is constant
during the day and is $0.067/kWh, and the cost of natural gas
is $0.031/kWh. The profiles for all of the uncertainties are
obtained from historic data. In the multivariate ARMA(1,1)
time series model, both n and m are 1, α1 = 0.95, and β1 =
0.02. Parameter σz for non-controllable electric and thermal
loads and solar power output is 0.2, 0.3, and 0.5, respectively.

To analyze the effectiveness of the proposed algorithm, six
cases are studied, described in Table 3. From Cases 1 to 5,
the solar power productions and non-controllable household
loads are considered to be deterministic parameters. The goal
of these cases is to show the effect of solar power sources and
household loads on the total daily production cost of electricity
and the amount of natural gas required for producing electric
and thermal power. In the first case, the grid is the only power
source to supply electric loads of the building. In Case 2, solar
power is added to the building as a free generation source for
electric loads. The battery is considered as one of the power
sources in Case 3. From Cases 1 to 3, the controllable electric
loads are fixed at hours 11, 12, 13, and 17, and there are no ther-
mal loads. Thermal loads and a boiler are considered in Case

Time (hr) 1–8 9–14 15–18 19–22 23–24

Price ($/kWh) 0.051 0.119 0.071 0.119 0.051

TABLE 2. Hourly energy supply price from electric grid ($/kWh)

4; and CHP is taken into account to supply the household loads
in Case 5. In Case 6, the proposed algorithm is implemented
to analyze the impact of uncertainties on the optimal operation
of the energy-efficient buildings. The stochastic behavior of
the solar power source and household loads are studied with
their hourly updated information.

5.1. Static Deterministic Analysis (Cases 1–5)

The characteristics of solar power generation and non-
controllable household loads for a 24-hr horizon are shown
in Figure 4. The optimization problem is solved for Cases 1
through 5, and the operating cost is shown in Table 4. Com-
pared with Case 1, the operating cost of Case 2 is reduced by
20.9% after integration of solar power to the building. The co-
ordination of the battery can further reduce the cost to 96.56%
of that in Case 2. Note that the thermal load is not taken into
account in Cases 1–3 but is considered in Cases 4 and 5. The
operating cost of Case 5 with CHP is 11.57% less than that in
Case 4.

The power exchange between the grid and building over the
time horizon is shown in Figure 5. In this figure, the negative
value means that the building feeds the electric power back to
the grid. There is no solar power generation at hours 1–6 and
19–24; therefore, the power supplied by the grid has the same
curve during these periods for Cases 1 and 2. In Case 3, the

FIGURE 4. Daily non-controllable household loads, solar
power generation.
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Cases 1 2 3 4 5 6 (stochastic)

Power generation Electric grid
√ √ √ √ √ √

Solar × √ √ √ √ √
Battery × × √ √ √ √
CHP × × × × √ √
Boiler × × × √ √ √

Household loads Non-controllable electric loads
√ √ √ √ √ √

Controllable electric loads — — — . . . . . . . . .

Non-controllable thermal loads × × × √ √ √
Controllable thermal loads × × × . . . . . . . . .

TABLE 3. Cases developed for deterministic analysis

Note:
√

means candidate, × means non-candidate,—means fixed status, . . . means unfixed status.

battery charges when the price of power provided by the grid is
low (e.g., hours 1, 4–5, 7–8, 15, and 17–18), and it discharges
to supply the load during the hours (e.g., hours 19–22) when
the electricity price is high. In Case 5, to obtain the optimal
operating point of the building, the building utilizes its own
generating units in hours 1–3, 5, 22, and 24, and provides
excessive power to the electric grid.

Figure 6 depicts the power supplied by the boiler for both
controllable and non-controllable thermal loads in Case 4. The
controllable thermal loads are operated at hours 1–5.

Figure 7 shows the comparison of electric power supplied
by different power sources in Cases 3 and 4. For Case 3, shown
in Figure7(a), the controllable electric loads are not shiftable
and should be supplied in hours 11–13 and 17, but for Case
4, shown in Figure 7(b), the controllable loads are and sched-
uled to optimally operate in hours 2–4 and 24. This flexibility
improves the energy-efficient performance for the building
and reduces the operating cost for electric loads supply from
$150.32 in Case 3 to $143.83 in Case 4.

5.2. Rolling Stochastic Analysis (Case 6)

In Case 6, a multi-stage scenario tree with hourly discretized
data within one day is generated by conducting the scenario-
reduction algorithm, which is used as input for stochastic anal-
ysis. The scheduling horizon is discretized hourly into three
stages, branching at hours 1 and 6. Assuming that those un-
certainties are in normal distribution, 100 sets of scenarios
are initially generated within 24 hr, with a standard devia-
tion of 0.05 for non-controllable electric loads, 0.1 for non-

Case 1 2 3 4 5

Cost ($) 196.80 155.67 150.32 221.08 195.49

TABLE 4. Daily production cost for Cases 1–5

controllable thermal loads, and 0.2 for solar power generation.
The multi-stage scenario tree for the first rolling period is
shown in Figure 8. At each node, there are three data standing
for each of these three uncertainties. Stage 1 is at hour 1, stage
2 is from hour 2 to hour 6, and stage 3 is from hour 7 to hour
24.

During the test in rolling scheduling analysis, different sce-
narios for each uncertainty are generated at each hour. Figure 9
shows the difference of information between the updated and
forecasted data during the 24-hr rolling period.

In Case 6, the operating cost of the rolling stochastic method
is $216.54, which is higher than the deterministic one in Case
5. The case study shows that the random characteristics of
these three uncertain variables increase the total operating cost
by 10.76% compared with Case 5. The simulation results are
shown in Figures 10–12. In Figures 10(a) and 10(b), due to the
lower energy price and high energy efficiency of CHP, electric
grid supplies to electric loads almost zero or negative power
during hours 1–6 and 18–24 when thermal loads are higher
than electric loads, and CHP constantly produces maximum
power of 55 kW. For hours 7–17, CHP has lower power output
to meet the decreasing demand of thermal loads. As a result,

FIGURE 5. Power exchange between grid and building.
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FIGURE 6. Power supplied for controllable and non-
controllable thermal loads in Case 4.

FIGURE 7. Scheduling of controllable electric load: (a) fixed
in Case 3 and (b) unfixed in Case 4.

the electric grid power increases to pick up the electric loads in
the building. In Case 5, the controllable electric loads operate
at hours 6–8 and 23. Due to the impact of uncertainties in Case
6, the controllable electric loads are shifted to operate at hours
9–11 and 15.

Figures 11 and 12 illustrate the impact of uncertainties on
the controllable thermal loads and thermal power supplied by

FIGURE 8. Scenario reduction for first rolling scheduling
period: (a) scenario tree with probability and (b) reduced sce-
narios for daily non-controllable (base) electric and thermal
loads and solar power generation, each in normal distribution
with standard deviation 5, 10, and 20%, respectively.

FIGURE 9. Relative errors of uncertainties in rolling schedu-
ling.

the CHP with a boiler unit. In Case 5, without uncertainty,
due to the higher thermal than electric loads for hours 1–6 and
18–24, as shown in Figure 4, CHP has higher power output
than the boiler while contributing to the electric loads. During
hours 9–13, with the cheaper cost of natural gas compared with
the energy price from the electric grid, as listed in Table 2, CHP
supplies the total power required by controllable thermal loads.
In Case 6, the controllable thermal loads are shifted to operate
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FIGURE 10. Electric power supply: (a) deterministic in Case
5 and (b) stochastic in Case 6.

FIGURE 11. Thermal power for deterministic analysis in Case
5: (a) thermal power supply and (b) thermal load.

FIGURE 12. Thermal power for stochastic analysis in Case 6:
(a) thermal power supply and (b) thermal load.

in hours 1–4 and 24, and they are supplied by both CHP and
the boiler.

6. CONCLUSION

This article has presented a hybrid approach combining multi-
stage stochastic programming and a rolling scheduling method
for the optimal operation of energy-efficient buildings. The
optimal operation of the energy-efficient building within one
day is formulated as a stochastic decision problem. In the
proposed multi-stage stochastic programming model, scenario
reduction technology was introduced to take into account the
volatile characteristics of solar power generation and impre-
cise forecasting of electric and thermal loads. To utilize the
hourly updated information of uncertainties, a rolling schedul-
ing scheme was applied in the proposed model. It showed that
CHP was effective to improve the overall thermal efficiency by
coordinating the electric and thermal power supplies. Through
the optimal operation of all power sources and household de-
mands, the total cost of electricity and natural gas for gen-
erating energy can be reduced sufficiently. The numerical re-
sults demonstrate that the multi-stage stochastic model is more
adaptive and practically relevant to the optimal operation of
building systems.
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