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Abstract—Active distribution grid is composed of autonomous
systems which should collaborate with each other in order to op-
erate the entire distribution grid in a secure and economic manner.
This paper presents a system of systems (SoS) framework for opti-
mally operating active distribution grids. The proposed SoS frame-
work defines both distribution company (DISCO) and microgrids
(MGs) as independent systems, and identifies the process of infor-
mation exchange among them. As the DISCO and MGs are physi-
cally connected together, the operating condition of one might im-
pact the operating point of other systems. The proposed mathe-
matical model uses a decentralized optimization problem aimed at
maximizing the benefit of each independent system. A hierarchical
optimization algorithm is presented to coordinate the independent
systems and to find the optimal operating point of the SoS-based
active distribution grid. The numerical results show the effective-
ness of the proposed SoS framework and solution methodology.

Index Terms—Active distribution grid, decentralized optimiza-
tion problem, hierarchical optimization, microgrid, system of sys-
tems (SoS).

NOMENCLATURE:

Index for bus.

Index for load.

Index for distributed generation unit.

Index for distribution line.

Set of bilateral contracts.

Set of microgrids.

Generation cost function of DG .

Scheduled value for bilateral contracts.

Real power demand of load .

, Active and reactive power provided by
distributed energy resource .

Power transferred from DISCO to ISO.
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Power transferred from MG to DISCO.

Apparent power transferred through line .

Wholesale market price.

Price of power exchange between DISCO
and MG.

Retail energy price by the DISCO.

Retail energy price by the MG.

Vector of response and target variables.

, Minimum and maximum value for variable
.

Adaptive parameter required by ORIGIN
and sent by CLIENT.

I. INTRODUCTION

C ONVENTIONAL distribution grids without generation
sources are called passive grids in which the power trans-

portation is a unidirectional flow from upstream to downstream,
then to the end-users. The passive distribution grids have high
energy loss due to a high resistance-to-reactance ratio. Also,
system reliability is a problem in these types of distribution grids
because the end-users will totally lose power once the main sub-
stations fail [1].
Facing the economic, technical and environmental problems

of the conventional power systems, using distributed generators
(DGs) to locally supply the power to the load centers has at-
tractedmore attentions recently. The cluster of loads, distributed
generation sources and their links, with an energy management
and automation scheme supported by a communication founda-
tion that monitors, protects and controls distributed generation
units and loads, refers to the concept of microgrid (MG) [1], [2].
TheMGs are capable of islanding from the upstream grid in case
of fault occurrence. A modern distribution grid may consist of
several microgrids. Therefore, compared with conventional dis-
tribution grids, distribution grids which consist of MGs are ac-
tive systems being able to generate power at distribution voltage
level for local loads. In such an active distribution grid, the elec-
tricity transportation through the network is bidirectional. As the
result, the system energy loss can be reduced and the system re-
liability can be significantly improved [3], [4].
Installation of the DGs in the distribution networks brings

new challenges into the power systems operation, including co-
ordination between DGs and the grid, balance between gener-
ation and consumption, and the impact of the operating cost
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of the DGs on the electricity market price [3]. In order to an-
alyze the effect of operation of DG units on energy loss and the
ability of distribution grids in load supply, a fuzzy evaluation
tool was proposed in [5]. Reference [6] presented a centralized
optimization model for a short-term distribution system opera-
tion considering incremental contribution of DG units to distri-
bution system loss. Reference [7] introduced a two-staged opti-
mization model for a short-term scheduling of energy resources
in distribution grids. This model is a nonlinear multi-objective
optimization problem that takes into account operation require-
ments and network constraints. To ensure stable operation of
MGs, an economic dispatch problem was formulated in [8] to
find the power dispatch of DGs for optimal operation of MGs.
The objective of the problem is to minimize fuel cost during the
grid-connected operation. A multi-agent system for real-time
operation of a MG was addressed in [9] which mainly focuses
on generation scheduling and demand side management. An
algorithm for reactive power programming of a MG was ad-
dressed in [10]. This algorithm is a four-stage multi-objective
optimization that minimizes the power loss and maximizes re-
active power reserve and voltage security margin.
Note that in active distribution grids, the DISCO and MGs,

which might be run as autonomous entities, should collaborate
with each other for an optimal operation of the entire distribu-
tion system. As these entities are independent systems, the com-
petition and collaboration relationship among them can be rep-
resented by the concept of system of systems (SoS) which refers
to a group of components that are separately considered as sys-
tems that are both administratively and operationally self-gov-
erning [11]. In such anSoS, the dispatching and operational inde-
pendence of each system should be respected. Generators, loads
and network information of an autonomous system are usually
considered commercially sensitive. Therefore, using centralized
optimization algorithms which need all the information of the
autonomous systems, might not be an appropriate way to find
the optimal operating point of an active distribution grid.
In this paper, a framework is established based on the con-

cept of SoS to model the DISCO and MGs as independent sys-
tems. For collaboration between the independent systems, the
concept of CLIENT and ORIGIN systems, the process of infor-
mation exchange between the independent systems and the rela-
tionship table are discussed. A decentralized optimizationmodel
is formulated to maximize the benefit of each individual and au-
tonomous system while satisfying the security constraints asso-
ciatedwithDISCO’s andMGs’operations.Considering the issue
that the operating point of a system in the SoS may influence
the operating point of the other independent systems, a hierar-
chical optimization algorithm is presented to coordinate the in-
dependent systems and to find the optimal operating point of the
SoS-based active distribution grid. The proposed SoS-based de-
centralized optimal power flow (OPF) is a procedure in which
each independent utility or operator only deals with its own in-
formation and schedules for its own internal area and crossing
borderswith other systems. Thus, only a limited amount of infor-
mation is exchanged among the operators of different systems.
The rest of paper is organized as follows. The active distribu-

tion grid is defined as a system of systems in Section II. The pro-
posed decentralized optimization model and solution process

Fig. 1. Power flow and cash flow directions in passive distribution networks.

Fig. 2. Power flow and cash flow directions in active distribution networks.

are carried out in Section III. Numerical testing results are pre-
sented and analyzed in Section IV. The concluding remarks are
provided in Section V.

II. ACTIVE DISTRIBUTION GRID AS A SYSTEM OF SYSTEMS

In passive distribution networks, the DISCO, which is re-
sponsible for the secure operation and control of the distribution
grids, purchases electricity from the wholesale energy market
and sells it to the end-users. Fig. 1 shows the power flow and
cash flow directions in passive distribution networks.
Compared with the conventional distribution networks, the

distribution grids, which encompass several MGs, are active
systems being able to produce the electric power. Power flow
and cash flow directions between the entities in active distribu-
tion networks are shown in Fig. 2, which is more complicated
than that in the passive distribution systems.
The MGs might be independent systems with their own op-

eration and control regulations, and they are connected to the
DISCO that is a higher-level autonomous system to coordinate
the MGs. When all the systems collaborate together to improve
security and reliability of the entire distribution network, each
independent system intends to increase its own benefit. Hence,
the operation and control schemes of active distribution grids
can be designed and implemented based on the concept of SoS.
An SoS is described as an incorporation of task-oriented or

dedicated systems in a unique system in which its components:
1) collect their own resources and capabilities to construct a
more complex system that has more capability and performance
than simply the sum of its basic systems, and 2) are able to in-
dependently perform valid functions in their own right and con-
tinue to work to fulfill those purposes when separated from the
overall system [11]. Different areas are identified within the SoS
research area [12], [13]. One of the most important issues in
the SoS is to find the optimal operating point of the networks
including interacting systems that work together to optimize
various objectives while satisfying the constraints of the sys-
tems [14]. To achieve this goal, there should be suitable models
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and approaches for communicating and transferring information
among these systems.
In this paper, an SoS framework for operating active distri-

bution grid is studied. In this framework, as an autonomous
system, the DISCO is responsible for the distribution grid oper-
ation. The DISCO operates its own DGs, purchases electricity
from the wholesale market and evenMGs, and then sells it to the
down-stream customers. The DISCO is also able to sell its ex-
cess energy to the wholesale market. EachMG is a self-operated
entity which aims at maximizing its own benefit. According to
different factors or operational situations, the MG operator may
decide to buy/sell energy from/to the DISCO. Thus, anMGmay
play the role of either the customer or the power provider from
the viewpoint of the DISCO.

A. Required Data to Model Behaviors of Independent Systems

To model the behavior of an independent system, various
types of data and information are required. In general, constant
values (e.g., reactance of the lines) and decision (control and
state) variables (e.g., power produced by DGs and voltage of
the buses) are two types of the required data. An autonomous
system defines the value of its local decision variables according
to the different conditions to improve its performance and soci-
etal advantage. In the SoS framework, two other types of data
are introduced here named adaptive parameters and shared vari-
ables. The adaptive parameters are those parameters that are
provided for an autonomous system by other autonomous sys-
tems and have a fixed value in a certain period of system oper-
ation. However, these parameters may have different values in
different intervals of system operation. For example, the limit of
power exchange with MGs, which is specified by DISCO for a
specific hour, is an adaptive parameter for the MGs. Receiving
the adaptive parameters, an independent system is able to build
its own local optimization problem. The shared variables are
those decision variables that are common between at least two
independent systems and link the systems together. This type of
variables might be controlled by certain independent systems.
In fact, the shared variables model the impact of the operating
condition of the independent systems on each other. For ex-
ample, the power exchange between the DISCO and an MG is a
shared variable between these two independent systems, being
controlled by both DISCO and MG.

B. CLIENT and ORIGIN Systems

An autonomous system may send request signals to the other
independent systems and ask them for the values of the adaptive
parameters or shared variables. The system that needs to receive
information from another system is referred to as a CLIENT
system. ORIGIN stands for a system that receives a request
signal and responds to the signal by sending the values of some
adaptive parameters or shared variables to another system. For
example, as the CLIENT, the MG sends a request signal to
the DISCO (the ORIGIN), and asks for the price of power ex-
change between MG and DISCO. Also, the DISCO could be the
CLIENT of the information of power exchange limits which is
defined by each MG as the ORIGIN.

C. Data Flow Process Between the Systems

For transferring the values of the adaptive parameters and
shared variables between the ORIGINs and CLIENTs, each au-
tonomous system requires interaction and communication with
other systems in the SoS. To specify the details, a Relation-
ship Table shown in Fig. 3 subdivides each system to its con-
stituent parameters, including the constant values, decision vari-
ables, adaptive parameters and shared variables, and specifies
the ORIGIN (o) and CLIENT (c) of the adaptive parameters
and shared variables. Three types of data transferred between
the DISCO and MGs are recognized as follows:
Type 1) DISCO specifies the adaptive parameters, such as

price of selling/buying energy to/from the MGs, limit
of power exchange with the MGs, and bilateral con-
tracts information, and sends them to the MGs. In this
case, DISCO is the ORIGIN of data and MGs are the
CLIENTs.

Type 2) A certainMG defines adaptive parameters, such as the
limit of power exchange with the DISCO and bilateral
contracts information, and sends them to the DISCO and
other MGs. In this case, the certain MG is the ORIGIN
of data, whereas DISCO and the other MGs are the
CLIENTs.

Type 3) The DISCO specifies the shared variables, such as
power transferred between the DISCO and the MG, and
sends it to the MG. In this case, DISCO is the ORIGIN
of data and MG is the CLIENT. Conversely, the MG de-
termines the shared variables and sends it to the DISCO.

III. DECENTRALIZED MATHEMATICAL OPTIMIZATION MODEL

Usually, a centralized optimization problem is solved to find
the optimal operating point of distribution grids. The goal could
be to maximize the overall benefit of the grid while meeting the
operational constraints of the grid, such as bus voltage and line
capacity limits. However, as both DISCO and MGs might be
independent systems in an active distribution grid, exchanging
information of generators, loads and network of an autonomous
system is usually considered commercially sensitive. Therefore,
such a centralized optimization model is no longer an appro-
priate approach to operate the grid.
In this section, a decentralized optimization model is formu-

lated to determine the optimal operating point of the SoS-based
active distribution grid. The proposed model is solved by a hi-
erarchical optimization algorithm taking into account the eco-
nomic and technical issues raised in the independent microgrids
and distribution company operations. In the following subsec-
tions, a general hierarchical optimization model is explained
based on compact formulations. Then, the optimization problem
of independent DISCO and MGs, and the interactions among
them are formulated and discussed in detail.

A. Hierarchical Two-Level Optimization

In this section, an algorithm is presented to decompose the
optimization problem associated with an active distribution grid
and to build a hierarchical two-level optimization model for its
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Fig. 3. Relationship table for an active distribution grid.

Fig. 4. Active distribution grid in the form of a two-level SoS structure.

implementation. Consider the following general all-at-once op-
timization problem (1) for an active distribution grid aiming at
minimizing the total operating cost (or maximizing the overall
benefit) of the grid [15].

(1)

where vector x represents all the decision (i.e., control and
state) variables, F is the overall objective function of the
system, vector G represents all the inequality constraints (i.e.,
bus voltage and line capacity limits, generation limits of DGs),
and vector H represents all the equality constraints (i.e., nodal
active and reactive power balance equations).
A two-level SoS-based structure is illustrated in Fig. 4 to de-

compose the active distribution grid into independent systems.
The DISCO is the only system in the first level and MGs

connected to the DISCO are located in the second
level. The DISCOmay be called as the system element andMGs
as the subsystem elements. As all independent subsystems are
connected through one system element, the optimal operating
point of the SoS-based active distribution grid can be obtained
using hierarchical optimization methods. The process of mod-
eling a hierarchical two-level optimization problem is briefly
explained below.

Assume the overall objective function and constraints
can be decomposed into separate elements, such as

, and
The original all-at-once optimization

problem described in (1) can be rewritten in the following form
[16].

(2)

where the subscript mn denotes system in level , is the
vector of local decision variables for system , is the local
objective function, and are vectors of local inequality
and equality constraints related to independent system in level
, is the set of systems located in level , is the vector

of target variables shared between system in level and the
related system in level , and is
the set of systems in level that have shared variables
with system mn. In (2), the vector represents the shared
variables because of the coupling among the individual systems.
To decompose the objective functions and constraints related to
each independent system, response copies are introduced.
Knowing the vector of targets, , the consistency constraints
expressed as

(3)

can be used to make the formulation in (2) separable. Intro-
ducing the penalty function along with (3) leads to a re-
laxed formulation of (2) expressed as
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(4)

Therefore, the optimization problem presented in (4) can be
further decomposed into the local optimization problems corre-
sponding to the independent systems. The optimization model
for system mn is formulated as

(5)

where the term of models the impact of the operating
conditions of the other independent systems on system mn.
Using the exponential penalty function formulation proposed in
[16] for modeling the term, the optimization problem
in element mn is given as

(6)

where and are vectors of multipliers which should be
updated during the iterative solution process. As an important
aspect, since the exponential penalty function is second-order
differentiable, the optimization problem can be solved using any
second-order method that requires the calculation of the Hessian
matrix.
The optimization problem in (6) is for a system/subsystem el-

ement in the hierarchical structure. However, before discussing
its solution process, a detailed optimization problem is formu-
lated in the following subsections for each independent system
of the SoS-based active distribution grid, in which both target
and response variables, as shared variables between the systems,
are identified.

B. Modeling Target and Response Variables

The target and response variables used in the proposed two-
level optimization problem are shown in Fig. 5(a). Consider the
DISCO is connected to through the line between buses
and as shown in Fig. 5(b). Buses and , and the

linking line are modeled together as the shared connection be-
tween DISCO (level 1) and (level 2). The shared con-
nection is taken into account in the optimization problem of
both DISCO and as shown in Figs. 5(c) and 5(d), re-
spectively. In order to address the shared connection in the hier-
archical two-level optimization, the design (or state) variables

influencing the power transferred through
the line of shared connection are defined as the shared variables
between these two independent systems, DISCO and . The
power exchange between DISCO and can be calculated

Fig. 5. Modeling target and response variables in both Disco and MGn.

using these shared variables, which are regarded as target vari-
ables in the DISCO’s optimization problem, and response
variables in the ’s optimization problem. When the
power is transferred from to DISCO, it is a pseudo gen-
erator for DISCO and a pseudo load for MG. However, when
the power is transferred from DISCO to , it is a pseudo
generator for MG and a pseudo load for DISCO.

C. Optimization Problem Model for Individual Systems

In this section, the local optimization problem for each
system, MGs and DISCO, is formulated, and the sequential
quadratic programming (SQP) technique is used to solve the
corresponding subproblems.
1) Optimization Problem for MGs: To formulate the MG op-

timization model, (as a CILENT) needs to receive the
values of the adaptive parameters including price of power ex-
change with DISCO , bilateral contract information , and

limit of power exchange with DISCO ( and )
from the DISCO and other MGs (as ORIGINs). The MG opti-
mization problem is formulated as

(7)

The first two terms in (7) are the generation cost of DG units
and the revenue of selling the electric power to the end-users.
In the third term, when is positive, the
MG is selling power to DISCO, but when it is negative, the MG
is purchasing power from DISCO. In this term, when the power
is transferred from MG to DISCO, is positive, other-
wise it is negative. And, for the bilateral transactions that
provides power to the other systems, is positive; other-
wise, is negative. As the bilateral transactions are based
on long term contracts, only the cost of
is included in the short-term scheduling. The last term in (7) is
the penalty function related to the shared variables. Notice that
in the penalty function, the response variables need to be
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determined, but the values of target variables are received
from the DISCO. To meet the operational security of the MG
system, the following constraints should be satisfied.
1) Nodal active and reactive power balancesA compact form
of non-linear full load flow equations is shown in (8) and
(9).

(8)

(9)

2) Generation capacity limits of the DG units

(10)

(11)

3) Bus voltage limits

(12)

4) Distribution lines capacity limits The apparent power of all
the lines including the line connecting MG to DISCO must
be within the limits.

(13)

5) Limits of power exchange between DISCO and MG In the
SoS-based active distribution grids scheduling, MG and
DISCO, as the independent systems, may have different re-
strictions for the amount of power exchange between them.
Thus, in addition to (13), the following constraint is taken
into account.

(14)

where the adaptive parameters (constant for an specific pe-
riod) and are minimum and maximum
allowable values for the power exchange between MG and
DISCO from the DISCO’s perspective; and and

are minimum and maximum acceptable values
from the MG’s perspective.

6) Bilateral contract transaction restrictions An MG may
have bilateral contracts with DISCO and the other MGs.
The constraint (15) guarantees that the bilateral constraints
are satisfied. For a specific period, the values of bilateral
contracts (adaptive parameters) are known. Thus, only one
of the following constraints should be applied for that op-
eration period:

(15)

2) Optimization Problem for DISCO: Receiving the adaptive
parameters , , from the MGs (as ORI-
GINs), the following optimization problem is formulated to find
the optimal operating point of the DISCO (as a CLIENT). The
response variables received from the MGs are used to model the

penalty function. is treated as the vector of design variables
while is treated as a constant term in (16).

(16)

In (16), the first and second terms are the generation cost of
DG units and cost of power transferred fromMGs to DISCO, the
third and fourth terms are revenue of selling electric power to the
end-users and transmission system (e.g., ISO), respectively. The
last term is the penalty function related to the shared variables
with MGs. Notice that in (16), when power is transferred from
MG to DISCO, is positive; otherwise, it is negative.
Also, is negative when the DISCO commits power for
another system based on long term bilateral transactions; oth-
erwise, it is positive. is positive when the power is
transferred from ISO toward DISCO; otherwise, it is negative.
Similarly, the following constraints should be included in this
optimization model.
1) Nodal active and reactive power balances

(17)

(18)

2) Generation capacity limits of the DG units

(19)

(20)

3) Bus voltage limits

(21)

4) Distribution lines capacity limits

(22)

5) 5.1) Limits of power exchange between DISCO and ISO

(23)

6) 5.2) Limits of power exchange between DISCO and MG

(24)

where the adaptive parameters and
are respectively the minimum and maximum allowable
values for the power exchanged between MG and DISCO
from the MG’s perspective; and the adaptive parameters

and are respectively the minimum
and maximum acceptable values from the DISCO’s
perspective.
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7) Bilateral contract transaction restrictions The following
constraint satisfies the bilateral contracts that the DISCO
may have with the MGs.

(25)

D. Solution Procedure

Fig. 6 illustrates the solution procedure of the proposed hier-
archical optimization algorithm which determines the optimal
operating point of all independent systems in the SoS-based ac-
tive distribution grid. This algorithm has two iteration loops,
inner and outer, which are explained as follows.
Step 1: Set the iteration index for the inner loop and

for the outer loop, and choose initial values
for , and .

Step 2: Set . Solve the optimization problem
(7)–(15) for each MG with as the design vari-
ables and the values of from the previous it-
eration.

Step 3: Solve the local optimization problem (16)–(25) for
DISCO with as the design variables and the
values of obtained in Step 2.

Step 4: Use (26) and (27) to check the inner loop conver-
gence. If they are not satisfied, return to Step 2 for
the next iteration; otherwise, go to Step 5.

(26)

(27)

Step 5: Check the following necessary-consistency (28) and
sufficient (29) stopping criteria for the outer loop.
If they are not satisfied, got to Step 6; otherwise, the
converged optimal result is obtained and the solution
procedure stops.
Necessary-consistency condition:

(28)

Sufficient condition:

(29)

Step 6: Set and update the values of multipliers
and using (30) and (31).

(30)

(31)

Step 7: Set , and return to Step 2.
Note that in practice the additional stopping criteria
(32) and (33) may be introduced to the inner and
outer loops in order to avoid facing the dead loop.

(32)

(33)

Fig. 6. Flowchart of the solving process.

where and are maximum allowable number of
inner and outer loop iterations, respectively.

IV. NUMERICAL RESULTS

An active distribution grid is shown in Fig. 7. This grid in-
cludes one DISCO and three MGs. The system description of
the DISCO and theMGs are summarized in Table I. Assume that
the resistance and reactance of all lines are 0.05 and 0.1 p.u., re-
spectively; the capacity of the lines is 7 MW; the prices and
are 50 $/MWh, the prices and are 25 ct/KWh, the limits
of power exchange among transmission system (ISO), DISCO
and MGs, , , and are de-
fined as , 50MW, and 10MW, respectively.
The reference bus is bus in DISCO. The range of voltage of
the buses is 0.9–1.1 p.u. The simulations are implemented on a
PC with Intel(R) Core(TM) i7 with two processors at 2.8GHZ.
To test the effectiveness of the proposed SoS framework for

operating the active distribution grid, the following three cases
are studied:

Case 1: Only MG1 is connected to the DISCO grid
Case 2: All three MGs are connected to the DISCO grid
Case 3: Sensitivity analysis for the inner loop conver-
gence criterion

1) Case 1: The active distribution grid used in this case con-
sists of the DISCO and MG1. According to the SoS concept,
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Fig. 7. The test case active distribution grid.

TABLE I
ACTIVE DISTRIBUTION SYSTEM DESCRIPTION

Fig. 8. Updating process of power exchange between DISCO and MG1.

the entire grid is separated into two independent systems, one
for DISCO and one for MG1. The initial value for and

and convergence thresholds , and
are set to 0.01, 0.001 and 0.001, respectively. Fig. 8 shows the
amount of power exchange betweenDISCO andMG1 in each it-
eration (outer loop). After 8 outer loop iterations, the converged
optimal power exchange is obtained. The total calculation time
is 34 seconds.
The decentralized OPF results, including active and reactive

power provided by generation sources and bus voltages and an-
gles, are listed in Tables II and III, respectively, which is very
close to the conventional centralized results. The maximum rel-
ative errors between the centralized and the decentralized results
for active and reactive power provided by generation sources,
and bus voltages and angles are 3%, 1.5%, 0.9% and 3%, re-
spectively. Notice that in Table II, the negative value for the ex-
changed power between DISCO and transmission system indi-

TABLE II
ACTIVE (MW) AND REACTIVE (MVAR) POWER PROVIDED BY DGS

TABLE III
BUS VOLTAGE AND ANGLE OF THE SYSTEMS

cates that the DISCO is selling energy to the wholesale market.
Using the centralized model, the power transferred fromDISCO
to transmission system is 5.67MW, the power exchange between
DISCO and MG1 is 3.89MW, and the total benefit of distribu-
tion grid is $1414. Applying the proposed SoS framework, the
DISCO is selling 5.68 MW to the wholesale energy market, the
power exchange between DISCO and MG1 is 3.93MW, and the
benefit of DISCO and MG1 are $832.8 and $580.6 (total benefit
of the SoS is $1413.4), respectively. Note that the relative errors
for the power exchange between DISCO and wholesale market,
the power exchange between DISCO and MG1, and total ben-
efit of the grid, are 0.17%, 1% and 0.04%, respectively.
2) Case 2: In this case, the proposed SoS framework is

applied on an active distribution grid in which one independent
DISCO is linked with three independent MGs as shown in
Fig. 8. Again, based on the SoS concept, the entire grid is
separated into four different independent systems. Set the
initial values , , and ,
and pick the values 0.01, 0.001, and 0.001 for the convergence
thresholds , , and , respectively. The amount of power
exchange between the DISCO and three MGs in each outer
loop iteration is shown in Fig. 9. The algorithm converges after
11 iterations, and the total calculation time is 98 seconds. The
scheduled active and reactive power generations of DGs are
summarized in Table IV. In order to validate the results of
the proposed decentralized algorithm, the active and reactive
power outputs of the generation sources obtained from the
conventional centralized algorithm are listed in Table IV.
The maximum relative errors between the centralized and the
decentralized results for active and reactive power outputs
are 2.7% and 4%, respectively. Also, the optimal power ex-
change between DISCO and three MGs, and total benefit of
each independent system are presented in Table V. Note that
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Fig. 9. Power exchange between DISCO and MG (a) 1, (b) 2 and (c) 3.

TABLE IV
ACTIVE AND REACTIVE POWER PRODUCED BY POWER PROVIDERS

the power is transferring from the MGs toward the DISCO.
Thus, the DISCO is purchasing energy from the MGs, and
the shared lines between the DISCO and the MGs behave as
pseudo generations for the DISCO and as pseudo loads for the
MGs. In addition, the DISCO is selling the power (9.20 MW)
to the wholesale energy market, including the power (9.01
MW) purchased from three MGs plus the power (0.19 MW)
generated by its own DGs. The total benefit of the DISCO and
the MG1 to 3 are $754.1, $581.1, $750, and $460, respectively,
and, thus, the total benefit of the entire active distribution grid
is $2545.2. The relative errors for the power exchange between
DISCO and wholesale market, the power exchange between
DISCO and MGs 1–3, and total benefit of the grid, are 0.44%,
1%, 0.85%, 1.3% and 0.1%, respectively.
3) Case 3: In order to analyze the sensitivity of the solution

process to the convergence criterion for the inner loop, Case 1
was repeated using different values for . However, the nec-
essary-consistency and sufficient criteria and are fixed to
0.001 in order to guarantee an acceptable result for all the sim-
ulations.
Setting different values for and implementing the pro-

posed hierarchical two-level algorithm gives the results shown
in Table VI with respect to each value of , including the

TABLE V
AMOUNT OF POWER EXCHANGE AND TOTAL BENEFIT OF EACH SYSTEM

TABLE VI
IMPACT OF VARIATIONS ON THE PERFORMANCE OF THE PROPOSED

ALGORITHM

number of iterations of inner loop and outer loop , the
total calculation time , as well as the power exchange be-
tween DISCO and MG1 ( from the DISCO’s perspective,
and from the MG1’s perspective), and the benefit of the
DISCO and MG1.
Observe that the number of outer loop iterations, is al-

most unchanged, but the inner loop iterations and the total
calculation time are increased by setting a smaller value for
(increasing precision of the inner loop). In other words, the

computational cost of the algorithm increases with decreasing
. When is 0.1, the difference between and is

0.13%. However, for equal to 0.01–0.00001, that difference
is reduced to 0.008%, 0.002%, 0% and 0%, respectively, but
the calculation time is increased significantly. The total benefit
of the grid is almost the same for all the values of . Comparing
the results in Table VI shows that the computational cost of set-
ting equal to 0.01 is slightly more than setting 0.1 for ,
but it results in more accurate results. Consequently, we have
chosen 0.01 for in Cases 1 and 2 to make a trade-off between
solution accuracy and calculation effort.

V. CONCLUSIONS

Nowadays, the power systems are moving toward decom-
position into many small-scale smart microgrids which locally
support the load centers. Therefore, the SoS-based optimization
problems can be very promising for the collaboration between
the systems. In this paper, an SoS framework was presented for
optimizing the operation of active electric power distribution
grids. In this framework, the DISCO and microgrids were re-
garded as the self-governing systems that were autonomously
managed and operated aiming at maximizing their own ben-
efits. The data flow process of communicating and transfer-
ring data between the systems were discussed. And the concept
ORIGIN and CLIENT systems, adaptive parameters and shared
variables were defined in the paper. The decentralized optimiza-
tion problem was formulated to model the SoS-based operation.
And, a hierarchical two-level algorithm was applied to solve the
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proposed problem and coordinate the operating points of all in-
dependent systems. The numerical results showed the accuracy
and convergence performance of the proposed SoS framework
for operating active distribution grids.
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