PROFESSOR NOTES:

RLC Circuits




version 1.2
Descriptions:  Capacitances store charge.  Inductances store current.  If a capacitance is shorted out the stored charge leaks off and its stored energy is lost.  If an inductive loop is opened the stored current stops and its stored energy is lost.

So what happens if we connect an inductance and a capacitance in series?  Note that the capacitance sees a short circuit and the inductance sees an open circuit.  So the capacitance will start to discharge, which creates a current through the inductance.  And the inductance will push the current along until it is depleted by (re)charging the capacitance. 

And therefore the energy oscillates back and forth between the L and the C.

And it does so with characteristic (radian) frequency


[image: image1.wmf]LC

1

0

=

w







(Q-1.1)

The frequency 0 (or f0 = 0/2 if you prefer Hz) is a resonance.

Ideally the resonance would continue forever, and can do so if there is no dissipative element.  Otherwise energy will dissipate in a lossy element such as a resistance.  The lossy effect is assessed relative to the characteristic resistance of the LC pair defined by
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Since we know that all circuits include resistances (parasitic and/or leakage) the characteristic resistance R0 will give us a benchmark on which we can identify the profile characteristics of the (RLC) circuit topologies. 

Q-2.  Series RLC circuits:  With components in series we can selectively assess the effect of the natural resonance across each of the components.  The series RLC form is shown by figure Q-2.1.
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Figure Q-2.1:  Series RLC circuit

If we do the mathematics on figure Q-2.1, we find that the current flowing in the loop is
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(Q-2.1)

where s = j (same form as we like to use in Laplace transforms).  If we get clever and make use of equations (Q-1.1) and (Q-1.2), we also might use
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(Q-2.2)

which seems like a waste of economy but becomes most useful when we massage equation (Q-2.1), for which we might do as follows:
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This form is standard, and will be handy when we check to see what happens as 
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.  To further simplify and quantify effects we also let
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(Q-2.3)

for which
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(Q-2.4)


Suppose we use (Q-2.4) to look at the voltage across the capacitance, for which vC = iZC and for which we get
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(Q-2.5a)

As 
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) we then have voltage across the capacitance
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(Q-2.5b)

Interesting.  The magnitude of the voltage across vC will be magnified by factor Q.  And we can make Q large by making R small (or R0 = large).

And of course that makes sense.  If R is small, virtually no energy is dissipated in the circuit and the resonance across the capacitance will be huge.

The same is true for the inductance but of opposite sign:
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(Q-2.6a)

and as 
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(Q-2.6b)

and if we add them all in series the voltages across L and C are of opposite sign and phase, and will effectively cancel the effect of each other out.

A few factoids of LC series circuits:

from equation (Q-2.5a)


(1)  As 
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(2)  As 
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 so the voltage vC has a lowpass profile.
from equation (Q-2.6a)

(3)  As 
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(4)  As 
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 so the voltage vL  has a highpass profile.

(5)  The resonance peaks have quality factor Q = R/R0.  And even though we have not shown the reason why, Q = f0/f, where f is the width of the peak at
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(Q-2.7)

(6)  If an impulse (we sometimes call this a ‘tap’) is applied to the circuit it will “ring” with characteristic frequency f0 and the ringing will damp out with damping factor
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(Q-2.8)

Q-3:  Parallel RLC circuits:  With components in parallel the situation is similar but different.   We cannot separate electrical effects of the resonance across L and C because they are in parallel.  But they collectively form an resonant impedance.   The parallel RLC form is shown by figure Q-3.1.
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Figure Q-3.1:  Parallel RLC circuit

The admittance of the parallel LC combination is
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(Q-3.1)

so that the current in the loop is
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(Q-3.2)

and the voltage across the LC pair is




[image: image37.wmf]LC

S

LC

LC

S

LC

RY

v

Y

Y

R

v

v

+

=

´

+

=

1

1

1





[image: image38.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

+

+

=

+

+

=

2

0

2

1

1

w

s

R

sL

R

sLv

sL

R

sCR

v

S

S


This form is appropriate for a check of what happens as 
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.  To further simplify we make use of equations (Q-1.1) and (Q-1.2) for which
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(Q-3.3)

and we also let




[image: image41.wmf]0

R

R

Q

º







(Q-3.4)

Look familiar?  It isn’t.  This definition of Q is the reciprocal of the one used for the RLC series.

And we get
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(Q-3.5)

A few factoids about parallel LC constructs:

(1)  As 
[image: image43.wmf]0

w

w

®

, vLC 
[image: image44.wmf]®

 vS because the admittance YLC 
[image: image45.wmf]0

®

(look at equation (Q-3.1)) 
(2)  As 
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.  So the voltage across  vLC is of the form of a bandpass.

(3)  The resonance peaks have quality factor Q = R/R0.  And even though we have not shown the reason why, Q = f0/f, where f is the width of the peak at
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(Q-3.6)

(4)  If an impulse (we sometimes call this a ‘tap’) is applied to the circuit it will “ring” with characteristic frequency f0 and the ringing will damp out with damping factor
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(Q-3.7)

The parallel LC form is always a little deceptive because the inductance will have a small intrinsic resistance rS associated with it, as represented by figure Q-3.2.
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Figure Q3.2:  Intrinsic series resistance of an inductance.

This series resistance is not unlike the one associated with the series RLC for which we can apply a little accommodation and identify the limits of the inductance by means of an analysis similar to that for equation (Q-3.3)
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where we have identified a series value of QS = R0/rS, not unlike that of equation (Q-2.3) and which tells us that there is always an intrinsic QS (limit) associated with the inductance of value
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(Q-3.7)

This Q can be related to the Q defined by equation (Q-3.4) if we determine the admittance of figure Q3.2 when 
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 (which doesn’t seem to make sense, but the result is good).  We obtain
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which, using equation (Q-3.7) gives
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for which we get the approximation for QS large (which we expect) of
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(Q-3.7)

Since this pertains to an admittance, it is as if we have an inductance in parallel with an equivalent resistance, as shown by figure Q-2.3
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(Q-3.8)
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Figure Q-2.3:  Equivalent circuit to figure Q-2.2


In the limit of R being very large in figure Q-2.1, for which 
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(Maybe this is no big surprise).


Q-4:  Transfer functions

Equation 2.5a may also be rewritten as the (low-pass) transfer function
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(Q-4.1)

If this topology is executed using pspice the outcome will be shown by figure Q-4.1
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Figure Q-4.1.  RLC series, output across capacitance (and gives a low-pass response).  For the values shown, f0 = 1.6MHz,  R0 = 100 and Q = (R0/R) = 5.  And this is confirmed by the fact that the amplitude of the peak is 5.0mV for source amplitude Vs = 1.0mV.
Equation 2.6a may also be rewritten as the (high-pass) transfer function


[image: image68.wmf](

)

[

]

2

0

0

2

2

2

0

2

0

0

2

0

2

2

0

2

1

)

(

w

w

w

w

w

w

w

+

+

=

´

+

+

=

=

Q

s

s

s

Q

s

s

s

v

v

s

H

S

L


(Q-4.2)
If this topology is executed using pspice the outcome will be shown by figure Q-4.2

[image: image69.png]Rt o

.

u
i




[image: image70.png]6.0nU.

om0

2.0n0

ay
100KHz
= U(Uo)

1.0MHz

Frequency





Figure Q-4.2.  RLC series, output across inductance (and gives a high-pass response).  .  For the values shown Q = (R0/R) = 5 and this is confirmed by the fact that the amplitude of the peak is 5.0mV for source amplitude Vs = 1.0mV.

If the output is taken across the resistance then we would find that the transfer function is
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(Q-4.3)

Which is of the form of a bandpass  function.    If this topology is executed using pspice the outcome will be shown by figure Q-4.3.
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Figure Q-4.3.  RLC series, output across resistance (and gives a band-pass response).  For the values shown Q = (R0/R) = 5. The cursors show that f = 318kHz, which is the same as 1.6MHz/Q.
If we take the output across both the capacitance and the inductance as represented by figure Q-4.4 then the transfer function will be of the form
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(Q-4.4)
Which can be obtained by adding (Q-4.1) and (Q-4.2).   The pspice output will be of the form of a ‘notch’ or band-stop profile as shown by figure Q-4.4
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Figure Q-4.4.  RLC series, output across both L and C  (and gives a band-stop response).  For the values shown Q = (R0/R) = 5 and f0 = 1.6MHz.

Q-5.  Quality factor Q and bandwidth  If we do the mathematics on the magnitude |H(s)| of the normalized bandpass equation (Q-4.3)  at 
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(Q-5.1)

Of these solutions the only ones that are greater than zero are
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(Q-5.2a)

so that the quality factor represents the selectivity characteristic of the resonance peak as given by
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(Q-5.2b)

For the low-pass profile the quality factor Q also represents a factor of its magnitude profile at resonance |T( = 0)| relative to its magnitude at zero frequency |T(  = )|, as
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(Q-5-3)

This ratio is represented by figure Q-5.1.   

When Q = 
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 the profile is maximally flat.  When Q = 
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(not shown) the circuit goes into oscillation (unstable).  Otherwise the peak will be relatively visible as represented by figure 24.1-2.
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Figure Q-5.1:  Low-pass profile for several values of Q, i.e. Q = {0.5, 0.707, 2, 4}.  The resonance peak is approximately at f0 for Q > 4 .
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