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ABSTRACT

Compressive-projection principal component analysis recon-
structs vectors from random projections by recovering an
approximation to the principal eigenvectors of the principal-
component transform. A heuristic for the number of eigen-
vectors to approximate is developed to provide consistency
with the Johnson-Lindenstrauss lemma and the restricted
isometry property from compressed-sensing theory. The re-
sulting heuristic is driven by only quantities known at the
reconstruction side of the system. The heuristic is evaluated
empirically for hyperspectral imagery and is demonstrated
to provide near-optimal reconstruction quality.

Index Terms— CPPCA, dimensionality reduction, ran-
dom projection, hyperspectral data

1. INTRODUCTION

Principal component analysis (PCA) is widely used in nu-
merous data analysis, compression, and communication ap-
plications. However, PCA is a data-dependent transform
which is typically determined via a computationally expen-
sive eigendecomposition. This heavy computation burden
hinders the deployment of PCA in resource-constrained en-
vironments such as satellite-borne sensor platforms. In or-
der to make PCA more amenable to such remote devices, [1]
developed a process to shift the computational burden from
a resource-constrained sensor to a more powerful base-sta-
tion decoder. This process, called compressive-projection
PCA (CPPCA), is driven by projections at the sensor onto
a randomly-chosen lower-dimensional subspace. The CP-
PCA decoder, given only these random projections, recov-
ers not only the coefficients associated with the PCA trans-
form, but also an approximation to the PCA transform basis
itself. CPPCA departs from the traditional PCA paradigm
in that it allows its excellent dimensionality-reduction and
compression performance to be realized in a system that
puts the main computational burden on the decoder.

The heart of the CPPCA framework is an approxima-
tion of the PCA transform basis via a novel eigenvector-
reconstruction procedure based on convex-set optimization
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driven by Ritz vectors within the projected subspace. Specif-
ically, in the CPPCA decoder, the first L principal eigen-
vectors of the PCA transform basis are approximately re-
covered from the random projections of the data. An open
problem not discussed in [1] is how the CPPCA decoder de-
termines how many principal eigenvectors it should attempt
to recover from the random projections.

In this paper, we present a simple heuristic for deter-
mining the value of L within a CPPCA decoder for use
with hyperspectral data. We motivate the choice of our
heuristic by invoking several theoretical constructs, includ-
ing the celebrated Johnson-Lindenstrauss (JL) lemma [2—4]
as well as the restricted isometry property (RIP) [5, 6] that
underlies the theory of compressed sensing (CS). We vali-
date the proposed heuristic in a battery of empirical evalu-
ations on hyperspectral data that demonstrate the heuristic
to be quite effective in its intended task. Although the value
of L provided by the heuristic occasionally differs some-
what from the best choice—i.e., the L value that yields the
best reconstruction quality in terms of signal-to-noise-ratio
(SNR) for the CPPCA reconstruction of a given hyperspec-
tral dataset—the SNR for the heuristically determined L is
usually extremely close to the best SNR.

2. CPPCA
We now briefly overview the CPPCA procedure; the reader
is referred to [1] for a more complete description. Consider
M zero-mean vectors X = [x1,Xa,- - ,Xps], where each
X,, € RY. The covariance matrix of X is ¥ = XX /M,
and PCA seeks a linear transformation W of eigenvectors
emanating from the eigendecomposition of ¥; i.e.,

> =WAWT, (H)

where W' contains the N unit eigenvectors of 3 column-
wise. The PCA transform of X is then X = WT'X.

Suppose we have K orthonormal vectors py, that form
the basis of K-dimensional subspace P, such that P =
[P1, P2, - , Px] provides an orthogonal projection onto P.
The CPPCA encoder produces Y = PTX, where Y =
[¥1,¥2, - ,¥a] with covariance

Y=YY"/M =P"XX"P/M =PTEZP. (2
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The CPPCA decoder receives Y from the encoder and can
thus calculate 33. The goal of CPPCA is then to approximate
W from 3 without knowledge of 3.

Rayleigh-Ritz theory [7] describes the relation between
the eigenvectors X and those of X as given by (2). Covari-
ance matrix X has eigenvalues satisfying Ay (X) > --- >
An (), and the corresponding unit eigenvectors are w,.
On the other hand, the eigendecomposition of S =PTSP
is ¥ = UAUT, wherein the columns of U are the unit
eigenvectors Uy, and the eigenvalues are A\ (X) > --- >
Ak (2). The K eigenvalues A () are called Rirz values;
additionally, there are K vectors, known as Ritz vectors, de-
fined as

uk:Pﬁk, 1§k§K (3)
Finally, normalized projection v,, is defined as the orthog-
onal projection of w,, onto P, normalized to unit length;
i.e.,

PPTw,,

- = W 4
PPTw, “)
2

Vn

CPPCA is built on the central idea that, if subspace P
is chosen randomly, and the distribution of the vectors in X
is highly eccentric in that eigenvalue A, (X) is sufficiently
separated in value with respect to the other eigenvalues,
then it is likely that its corresponding normalized projec-
tion, vy, will be quite close to the Ritz vector, ug, corre-
sponding to the Ritz value A\ (X). Under the assumption
that ug ~ vy, CPPCA reconstruction uses an algorithm
based on projections onto convex sets to approximate the
first L eigenvectors w,, from Y ; these eigenvectors are as-
sembled into N x L matrix W, an approximation to the first
L columns of the PCA transform W. The CPPCA decoder
then proceeds to recover the PCA coefficients by solving
Y = PTWX for PCA coefficients X using a linear, least-
squares solution based on a pseudoinverse.

As presented in [1], L is essentially a free parameter
for the CPPCA reconstruction algorithm. If L is set too
small, an insufficient nup\lber of eigenvectors will go into W,
and the reconstruction X = WX will be of relatively poor
quality. On the other hand, if L is chosen too large, then
it is likely that uy # vy, for the larger values of k since the
separation between the eigenvalues A\ (3) tends to decrease
dramatically with large k. Again, the reconstruction quality
will suffer.

It is thus crucial that the CPPCA decoder select an ap-
propriate value of L. If the decoder had access to 3, it
would be straightforward to set L by examining the relative
separation between the eigenvalues A, (X). However, the
CPPCA decoder knows only the projection operator P and
the projections of the data Y. Below, we develop a sim-
ple heuristic for setting L that relies only on the size of P,
namely, N and K.

3. THE JL LEMMA AND THE RIP

In [1], it is noted that CPPCA possesses a certain consis-
tency with the JL lemma. Briefly, the JL lemma holds that
L points in RY can be projected into a K -dimensional sub-
space while approximately maintaining pairwise distances
as long as K is sufficiently large with respect to L. Specifi-
cally, for € > 0 and every set Q of L points in RY there ex-
ists mapping f : RV — R such that, for all x;, x5 € Q,

(1—€) 1 — xal2 < | £(x1) = F(xa)[|? < (14€) Ixs — xa][2

&)
as long as K > O(e 2log L). A projection satisfying this
lemma is often referred to as a JL embedding [4]. In CP-
PCA, the eigenvectors w,, are necessarily mutually orthonor-
mal; likewise, the Ritz vectors uy, are also necessarily or-
thonormal. Consequently, for the Ritz vectors to be a rea-
sonable approximation to the first L eigenvectors projected
into the K-dimensional space (i.e., for uy ~ v for 1 <
k < L), the projections v, of the first L eigenvectors wy
must also be approximately mutually orthonormal. It is
observed in [1] that this will be the case if the projection
is a JL embedding since pairwise distances and, via the
Pythagorean theorem, mutual orthogonalities are approxi-
mately preserved by such mappings.

It has been noted that there is a close relation between
the JL lemma and a fundamental construct in CS theory
known as RIP [5, 6]. In short, while the JL lemma addresses
the projection of a limited number of arbitrary signals, the
RIP concerns the projection of any sparse signal. Specifi-
cally, suppose that x is S-sparse in the domain of orthonor-
mal N x N transform ¥, meaning that only .S coefficients
in x = W7Tx are nonzero. The projector operator for which
RIP holds will approximately maintain pairwise distances
between signals x; and x5 which are both S-sparse with re-
spect to transform W. That is, [6] states the RIP condition
as

(1-8) %1 — %2 < [ (31 — %2)|2 < (14+0) %1 — %a2,

(6)
where @ is an orthonormal K x N measurement matrix,
and ¢ is a small positive constant [6]. Noting that distances
are invariant under an orthonormal transform W, we have
llx1 — kgHg = [|x1 — X2 g and (6) becomes

(1=0) [[x1 = %213 < [|® (x1 = x2)|[5 < (1 +8) [[x1 — xa]f5 -
(N
As written in (7), the RIP bears clear resemblance to the
statement of the JL. lemma in (5); in fact, it is observed in
[5] that every satisfactory JL embedding will also provide a
projection that satisfies the RIP.
It was determined in [8] that, for the RIP to hold for the
orthonormal pair ® and W, it is sufficient for

K >~-5(logN)*, (®)
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where y is some constant. However, it has been conjectured
that
K>~v-SlogN 9

is actually sufficient [6].

4. A HEURISTIC FOR THE NUMBER OF CPPCA
EIGENVECTORS

We now develop our heuristic for determining the value
of L in CPPCA reconstruction of hyperspectral data. We
adopt a simple model of the hyperspectral dataset X =
[x1,X2, - ,Xpr] such that each vector x; is some linear
combination of L vectors {ej,es,...,er}. The vectors
e; are commonly called endmembers of the hyperspectral
dataset, and they represent a number of constituent hyper-
spectral signatures (e.g., corn, soil, grass, water, etc.) from
which each pixel vector x; is composed. Due to the lim-
ited spatial resolution of a hyperspectral image, each pixel
vector is not likely to be composed of a single endmem-
ber, but rather some linear combination of multiple end-
members due to a “mixing” of several hyperspectral signa-
tures within the spatial extent of a hyperspectral pixel. As
a consequence of this L-endmember model, the PCA de-
composition of dataset X consists of L principal eigenvec-
tors,{w1,...,wy}, and each x; is representable by a linear
combination of these L principal eigenvectors. In this sense,
each x; is L-sparse with respect to the PCA transform W
from (1) since W contains the L principal eigenvectors w;
(in addition, W contains N — L minor eigenvectors that
span the nullspace of the principal eigenvectors).

We now assume that the CPPCA projection P in (2)
forms a satisfactory JL embedding such that the vy in (4)
are nearly orthonormal, and the Ritz vectors in (3) satisfy
u; ~ vi. Then, the RIP will hold in the special case in
which we adopt the CPPCA projection operator as the mea-
surement basis (® = P7) and the CPPCA eigenvector ma-
trix as the sparsity basis (¥ = W7); in this case, the spar-
sity is S = L. Even though (8) is only sufficient and not
necessary for the RIP to hold, and (9) is merely a conjec-
ture, these relations suggest that

K >~-LlogN. (10)

In other words,
L < K/vlogN (11)

is an upper bound on L that will permit CPPCA reconstruc-
tion with L eigenvalues to be consistent with both the JL
and RIP constructs. Thus, we propose that

L = round (aK/log N), (12)

provides a suitable heuristic for the number of CPPCA eigen-
vectors for some constant «; here, round(-) denotes round-
ing to the nearest integer. The parameter o will be investi-
gated empirically in the next section; we find that o = 1.0

works well for the datasets we consider. Finally, we note
that expressions similar to (12) have been employed for pa-
rameter setting in CS reconstructions (e.g., [9, 10]).

5. EXPERIMENTAL RESULTS

In this section, we examine the heuristic proposed above
to evaluate how effective it is in setting L for CPPCA re-
construction. According to (12), the heuristic sets L to be
directly proportional to K/ log N which is known from the
size of the projection matrix P. We define the subsampling
rate, or subrate, of P to be K/N, and we will explore how L
varies with subrate. In our empirical investigations, we use
hyperspectral images cropped spatially to size of 100 x 100.
We use the popular AVIRIS images Cuprite, Jasper Ridge,
and Moffett (224 spectral bands), as well as a 72-band im-
age from a CASI sensor, which is of a scene surrounding a
residential community close to Mississippi State University
taken in May 2002.

We first perform an exhaustive search to find the “op-
timal” value of L for each hyperspectral image at four dif-
ferent subrates; this optimal L is the value for which the
SNR is maximized for integer values of L between 1 and
30. These optimal L values and their corresponding SNRs
are tabulated in the first rows of Tables 1-4.

In order to derive « in (12), zero-crossing linear regres-
sion is performed on the optimal values of L. Table 5 tabu-
lates the resulting « values for various hyperspectral images
under consideration. Clearly, o approximately equals 1.0 in
all cases.

The value of L as calculated by (12) using the « values
in Table 5 is tabulated in Tables 1-4 along with the resulting
SNR. It is clear that the SNR as calculated by the proposed
heuristic is quite close to the optimal SNR as obtained via
exhaustive search. Yet, the heuristic L is not always exactly
the same as the optimal L, indicating that the SNR of CP-
PCA reconstruction is not overly sensitive to the value L to
a certain extent. Consider the Jasper Ridge dataset at 0.3
subrate, for example—the L from the heuristic is 14 which
is some 50% larger than the optimal value of 9. Neverthe-
less, the corresponding SNR values differ by only 0.2 dB.

A further simplification of the heuristic arises from set-
ting o = 1.0 as Table 5 suggests to be a reasonable approxi-
mation. The resulting L and SNR values are again tabulated
in Tables 1-4; this simplified heuristic results in nearly the
same performance as the original heuristic which uses the
exact o from Table 5.

6. CONCLUSIONS

CPPCA provides reconstruction of a dataset of vectors from
random projections by recovering an approximation to the
first L principal eigenvectors of the PCA transform for the
data as well as the corresponding PCA coefficients. Pre-
viously, the number L of eigenvectors to recover was a free
parameter to the CPPCA reconstruction algorithm. The main
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contribution of the work presented here is the development
of the simple heuristic, L = round (K/log N), wherein N
is the dimension of the original signal space, and K is the
dimension of the random projections. Experimental results
on hyperspectral imagery reveal that the heuristic provides a
suitable value for L that results in reconstructions with SNR
very close to that of the best possible L value as determined
by exhaustive search.
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Table 1: SNR and L for Cuprite

subrate | 020 | 030 | 040 [ 0.50 |
optimal L 4 8 15 22
SNR (dB) 14.40 | 15.57 | 17.26 | 18.41
heuristic L 7 11 14 18
SNR (dB) 13.78 | 15.51 | 17.21 | 18.41
heuristic L : o = 1.0 8 12 17 21
SNR (dB) 13.61 | 1545 | 17.22 | 18.41
Table 2: SNR and L for Moffett
subrate ‘ 0.20 ‘ 0.30 ‘ 0.40 ‘ 0.50 ‘
optimal L 5 10 13 21
SNR (dB) 16.67 | 23.17 | 25.07 | 26.92
heuristic L 8 11 15 19
SNR (dB) 16.54 | 23.13 | 25.04 | 26.87
heuristic L : a = 1.0 8 12 17 21
SNR (dB) 16.54 | 23.13 | 24.95 | 26.92
Table 3: SNR and L for Jasper Ridge
subrate \ 0.20 \ 0.30 \ 0.40 \ 0.50 \
optimal L 7 9 19 28
SNR (dB) 16.55 | 20.02 | 21.47 | 23.54
heuristic L 11 14 18 23
SNR (dB) 16.41 | 19.81 | 21.42 | 23.45
heuristic L : a« = 1.0 8 12 17 21
SNR (dB) 16.51 | 19.87 | 21.42 | 23.42

Table 4: SNR and L for CASI

subrate \ 0.20 \ 0.30 \ 0.40 \ 0.50 \
optimal L 2 3 6 12
SNR (dB) 7.11 | 9.60 | 11.06 | 11.77
heuristic L 3 5 6 8
SNR (dB) 6.89 | 9.52 | 11.06 | 11.58
heuristic L : « = 1.0 3 5 7 8
SNR (dB) 6.89 | 9.52 | 10.98 | 11.58

Table 5: Estimation of Parameter o

dataset bands (N) value of «
Cuprite 224 0.8545
Moffett 224 0.9219
Jasper Ridge 224 1.0961
CASI 72 0.9191




