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Fig. 8. LFDA-SVM for the University of Pavia data set: Overall development
accuracy versus reduced dimension, knn, and o.

components for the GMM. Table II shows the number of
mixtures estimated using these two metrics for the Pavia Centre
data set. The maximum number of components per class is set
to five, and each column in the table corresponds to a unique
class in the data set. From Table II, we observe that the number
of components estimated using AIC is consistently greater
than that estimated using BIC. We found the overall accuracy
with AIC to be almost the same as that with BIC. Hence, we
conclude that, for such HSI-classification tasks, BIC is better
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Fig. 9. RFE-SVM for the University of Pavia data set: Overall development
accuracy versus reduced dimension and o.

TABLE 1
OPTIMAL PARAMETERS FOR THE VARIOUS ALGORITHMS AFTER
TUNING FOR EXPERIMENTAL HYPERSPECTRAL DATA

Reduced
Dimension | km o
LFDA-GMM 11 7 -
Indian Pines | LFDA-SVM 11 7 0.4
RFE-SVM 80 - 103
University LFDA-GMM 10 7 -
of LFDA-SVM 10 7 1035
Pavia RFE-SVM 60 - 102
LFDA-GMM 10 7 -
Pavia Centre | LFDA-SVM 10 7 0.5
RFE-SVM 60 - 102

TABLE 1I

NUMBER OF COMPONENTS ESTIMATED USING BIC AND AIC FOR THE
PAVIA CENTRE DATA SET, WITH TA VARYING FROM 100% TO 50%

Tds BIC
00% |1 1 1 2 1 2 2 2 2(9
90% [1 1 2 2 1 1 2 2 1013
80% |1 1 1 2 1 2 2 2 4(6)
0% |11 1 2 3 2 2 2 2(16)
60% |1 1 2 2 3 1 3 2 2(17)
50% |1 1 3 4 1 1 3 4 220

AIC
100% [T 1 3 4 1 3 4 3 202

90% |1 1 3 2 3 3 4 4 223
80% [1 1 4 3 1 3 4 4 3024
0% |1 1 4 2 3 4 5 2 3(6)
60% |1 3 4 3 3 4 5 2 328
50% |1 1 4 5 4 4 4 4 330

suited to determine the number of mixtures in the GMM model;
we thus employ BIC in all experiments that follow. It is also
important to point out that a full covariance matrix is used and
learned for each Gaussian mode in the GMM models. To further
reduce complexity, a diagonal covariance matrix can be used,
but that is not necessary in this paper because of the significant
dimensionality reduction already attained by LFDA.
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Indian Pines: Overall accuracy versus pixel-mixing abundance, both expressed in percentage, for several different classification methods.
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University of Pavia: Overall accuracy versus pixel-mixing abundance, both expressed in percentage, for several different classification methods.
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Fig. 12.  Pavia Centre: Overall accuracy versus pixel-mixing abundance, both expressed in percentage, for several different classification methods.

C. Comparison Against Current State-of-the-Art Parametric
Classification Techniques

To demonstrate the benefits of LFDA as a powerful
dimensionality-reduction tool for HSI classification, we com-
pare its performance using GMM and SVM classifiers with
that of other traditional dimensionality-reduction methods, in-
cluding LDA, regularized LDA (RLDA), and subspace LDA.
Data distribution in LDA-projected subspaces tends to be Gaus-
sian, which is hence followed by the conventional quadratic
Gaussian MLE classifier. RLDA [31] alleviates the problem of
an unstable inverse commonly encountered in traditional LDA
under small-sample-size and high-dimensionality situations.
The resulting algorithms are thus referred to as LDA-MLE and
RLDA-MLE in this paper.

In subspace LDA [7], an intermediate PCA transformation is
employed to discard the null space of the within-class scatter
matrix, following which LDA is applied. This is an alternate
mechanism to alleviate ill-conditioning in LDA formulations.
Additionally, subspace LDA is an interesting algorithm to
which to compare LFDA, since LFDA essentially combines
LPP (an unsupervised linear manifold learning) and LDA (a
supervised dimensionality reduction) to exploit the benefits of
LPP within the LDA setup. Subspace LDA followed by GMM
(subspace LDA-GMM) is hence another algorithm we study to
highlight the benefits of LFDA-GMM.

By design, LDA, RLDA, and subspace LDA result in a
(¢ — 1)-dimensional feature subspace after the dimensionality-
reduction projection. The extent of dimensionality reduction
after LFDA, as discussed previously, is determined by studying



This article has been accepted for inclusion in a future issue of thisjournal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

B LDA-MLE MRLDA-MLE m SubspacelDA-GMM M RFE-SVM ® KLFDA-MLE ® LFDA-SVM ® LFDA-GMM

2.72N 3.40N 4.09N

Fig. 13.

4.77N

6.13N

5.45N 6.81N

Indian Pines: Overall accuracy (expressed in percentage) versus the training-data set size.
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Fig. 14.  University of Pavia: Overall accuracy (expressed in percentage) versus the training-data set size.

mLDA-MLE mRLDA-MLE m Subspace LDA-GMM m RFE-SVM m KLFDA-MLE ® LFDA-SVM ® LFDA-GMM

4.34N 5.79N 7.24N

8.69N

10.13N

11.58N

13.03N

Fig. 15. Pavia Centre: Overall accuracy (expressed in percentage) versus the training-data set size.

the performance as a function of different subspace dimensions
and choosing a value that maximizes the development-data
accuracy.

Another algorithm that we will employ as a baseline is RFE-
SVM, which is an established and powerful dimensionality-
reduction and classification approach. Finally, we recently
studied a kernel extension of the LFDA algorithm—=kernel
LFDA with MLE classifier (KLFDA-MLE) for HSI clas-
sification [32]. We found KLFDA-MLE to outperform
powerful approaches such as RFE-SVM in [28]. In this
paper, we use this as an additional baseline algorithm to
which to compare the performance of LFDA-SVM and
LFDA-GMM.

A comparison of the proposed methods (LFDA-GMM and
LFDA-SVM) with these state-of-the-art parametric classifica-
tion techniques is shown in Figs. 10-18. To simulate real-

life challenging operating conditions, we provide results for
a wide range of pixel-mixing conditions. In many situations,
the spatial resolution may not be fine enough to resolve the
object of interest on ground, and inadvertent mixing between
multiple classes may occur [33]. In this experiment, we use
the data sets described previously and linearly mix signatures
from background classes with the signature of the class being
classified. We report results over a range of percentage target-
abundance (TA) values. For example, a TA of 70% indicates
that 30% of background signatures were mixed linearly with
70% of the target class. An abundance of 100% implies that
pure pixels are employed without any mixing. Here, “target
class” simply refers to the true class of the pixel currently
being classified/tested. The background signatures/pixels used
for mixing the target class are gathered (with uniform weights)
from across all the other classes.
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Figs. 10-12 show the overall accuracy as a function of
TA for all four HSI data sets. The methods proposed in this
paper—both LFDA-GMM and LFDA-SVM—are indeed very
powerful classification approaches, outperforming traditional
state-of-the-art approaches significantly, even under adverse TA
conditions.

We also conducted an experiment wherein we varied the
amount of training data and studied the sensitivity of the pro-
posed methods relative to conventional methods over a range of
training-data set sizes [34]. In practical situations, the number
of training samples available is often insufficient to estimate
models for each class. We report the overall accuracy of these
classification systems as a function of the relative training-
sample size in Figs. 13—15. This relative training-sample size
(on the horizontal axis) is expressed relative to the spectral
dimensionality of the HSI data. Hence, an abundance of 6NV
implies that the amount of training data used is six times
the dimensionality of the feature space (here, N denotes the
dimensionality of the original feature space, or the number of
spectral bands for this classification task). To avoid any spatial
biases, we randomly chose a subset of training samples for
each sample-size value and repeated the experiment 20 times,
reporting the average classification accuracy. Note that, with
decreasing training-data set size, the overall accuracy for all
systems decreases, as expected. However, the overall accuracy
of LFDA-GMM and LFDA-SVM is always higher than that of
the other baseline methods. Even at a very low training-data set
size (e.g., 3.4N in Fig. 10), the performance of the proposed
methods is impressive.

We also report visual ground-cover classification maps
for the Indian Pines and Pavia data sets, since they come
with labeled ground truth for training and visual compari-
son. Figs. 16-18 show the thematic maps resulting from the
classification of these hyperspectral scenes using LDA-MLE,
LFDA-GMM, RFE-SVM, and LFDA-SVM. We produced
ground-cover maps of the entire HSI scene for these images
(including unlabeled pixels). However, to facilitate easy com-
parison between methods, only areas for which we have ground
truth are shown in these maps. Clearly, LFDA-GMM and
LFDA-SVM consistently result in maps that are less noisy and
more accurate compared to traditional state-of-the-art methods.
For example, see the circled area of Soybeans-min till in Fig. 18
or the circled region of Asphalt in Fig. 16. It can be observed
that LFDA-GMM and LFDA-SVM result in maps having a
significantly reduced misclassification noise.

V. CONCLUSION

We have presented a locality-preserving discriminant analy-
sis for hyperspectral dimensionality reduction. This approach
was previously proposed and tested with simple binary-
classification data sets having a much smaller dimensional-
ity. Additionally, previous work has not studied LFDA as a
dimensionality-reduction tool for complex nonlinear classifiers
such as GMMs and nonlinear kernel-based SVMs. In this paper,
we argued that LFDA serves as a very effective dimensionality-
reduction tool for such classifiers, for very high-dimensional
and challenging classification tasks such as HSI ground-cover

(e)

Unlabeled Area | Asphalt Meadows Gravel Trees

‘ Metal Sheets Bare Soil Bitumen Bricks Shadow

Fig. 16. (a) False color image of the University of Pavia (using bands 60,
30, and 2), (b) ground truth of the labeled area with nine classes, and (c) the-
matic maps resulting from classification of “LDA-MLE,” (d) “LFDA-GMM,,”
(e) “RFE-SVM,” and (f) “LFDA-SVM.”
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Fig. 17. (a) False color image of the Pavia Centre, (b) ground truth of
the labeled area with nine classes, and (c) thematic maps resulting from
classification of “LDA-MLE,” (d) “LFDA-GMM,” (e) “RFE-SVM,” and
(f) “LFDA-SVM.”
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Fig. 18. (a) False color image of Indian Pines (using bands 80, 30 and 20),
(b) ground truth of the labeled area with eight classes, and (c) thematic maps
resulting from classification of “LDA-MLE,” (d) “LFDA-GMM,” (e) “RFE-
SVM,” and (f) “LFDA-SVM.”

classification. Furthermore, since LFDA is a linear projection,
its complexity is not significantly higher than that of traditional
LDA. While there is some additional overhead in terms of
memory when estimating the affinity matrix, LFDA does not
add any additional complexity to the classification backend
(e.g., GMM or SVM).

We provided experimental results with HSI data demon-
strating system performance over the parameter space for the
proposed approach, a procedure that can be employed for
optimizing the system for any classification task at hand. We
also studied the performance of the proposed system under two
real-life adverse operating scenarios commonly encountered
in remote-sensing analysis—i.e., under very limited training
data and under severe pixel mixing—and we showed that
the proposed approach significantly outperforms conventional
techniques under both conditions.
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We note that, although we have not included results of
GMM classification without any dimensionality reduction in
this paper, we performed such classification as well and found
that the overall classification performance of basic GMMs with
HSI data is dismally low—for example, with the University
of Pavia data set, when all of the training data were used, the
accuracy was a low 53%, while when the amount of training
data was dropped to 4.3, the accuracy dropped to 20%,
indicating that GMM training effectively broke down due to
an immensely high-dimensional parameter space. These obser-
vations further corroborate our arguments as to the benefits of
LFDA as a dimensionality-reduction tool for classifiers such
as GMM:s.

We note also that, in this paper, we have considered classifi-
cation tasks involving up to nine classes in a relatively well-
structured environment. However, this data complexity can
indeed be scaled up to complicated scenes involving many more
classes—in fact, we expect the LFDA-GMM/SVM approach to
be even more effective at capturing subtle statistical differences
for classification in such complex environments.
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